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Hilbert and Smirnov on Genetic Method

Hilbert& Bernays 1934

Tepmun “akcnomaTtuyecknii’ ynotpebnsietcs uvorga n bonee
LUMPOKOM, a MHOrga n B bonee yskom cmbicne cnosa. [pn camom
LLUIMPOKOM MOHWMAaHUMN 3TOrO TEPMIUHA NOCTPOEHUE KaKo-11bo
TEOPUUN Mbl Ha3bIBAEM aKCUOMATUYECKNM, EC/IN OCHOBHbLIE MOHATUS
1 OCHOBHbIE MMMOTE3bI 3TOW TEOPUU CTABATCA KaK TaKoBble BO
rnaBy yrna, a gajbHeiiluee ee CofepXXaHne BbIBOGUTCA U3 HUX C
NOMOLLbIO onpeaeneHnii U AoKasaTenbCTB. AKCOMAaTNYECKN
MMEHHO B 3TOM CMbIC/IE C/IOBA DbIIN NOCTPOEHbI rEOMeTpust
Eeknnga, mexaHnka HbtoToHa, TepmognHamuka Knaysuca.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Hilbert and Smirnov on Genetic Method

Hilbert& Bernays 1934

Korga akcmomaTtinka HaymHaeT MOHMMATLCA B Hanbosiee y3KoMm
CMbIC/Ie CNIOBA, B KAa4eCTBE O4EepesHOro obCTonTenbCTBa
00baBASIETCS ewe 3K3UCTEHUNOHAILHOCTE €ro BUAa. JTUM
aKkcuoMaTm4eckuii cnocob NoCTpoeHns Kakon-anbo Teopuu
OT/INYAETCS OT KOHCTPYKTUBHOIO, WIN FeHETUHECKOro cnocoba. |..]
AKCMOMATUKY B TaKOi yCUIEHHOI (hOpPME, BO3HNKAIOLLYIO B
pe3y/ibTaTe OTBEYEHUSI OT KOHKPETHOIO NMPEAMETHOIO COAEpPXKaHUs!
1 chOPMYINPOBAHHYIO B SK3UCTEHUMAIBHOM BUAE, Mbl KPaTKO
bynem HasbIBaTb POPMasIbHON aKCUOMATUKOMA.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Hilbert and Smirnov on Genetic Method

Hilbert& Bernays 1934

[0 BoKasaTenbCTBE HEMPOTMBOPEHNBOCTU aKCMOMATUHECKON
Teopuu]

Beugy TOro, 4To NO3MTUBHLIA METOA PeLLEHNst B STOW CMTyaLum
OKa3bIBAETCS1 HEBOBMOXHbBIM, HAM OCTAETCsl JINLb OAUH MyTb, NyThb
HeraTWBHbIX MO CBOEMY XapaKTepy [AOKa3aTenbCTBs
HEMNpOTNBOPEYMBOCTU, TO €CTb NyTb JOKA3aTENLCTB
HEBO3MOXHOCTY, AJISt HErO OKa3bIBAETCS HEObXOAMMO
cbopmanmsaums 1orm4eckoro BoiBoga. [..] Ml fomkHbl oT4eTIMBO
0CO3HaTb, 4TO CaAMO TaKOe [0Ka3aTeNbCTBO YXKE He MOXET DbITb
OCYLLECTBJIEHO C MOMOLLLIO METOAOB SK3UCTEHLNANBLHO-
aKCNOMATN4ECKOrO BbIBOAA.
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Hilbert and Smirnov on Genetic Method

Hilbert& Bernays 1934

Ha ocHoge 3Toro obcyxaeHns y HaC HeEMeLIEHHO BO3HUKAET
cnegytowas nges. Ecnn ynomsHytoe gokasaTenscTeo
HEBO3MOXXHOCTYN [MPOTMBOPEYMsi| Mbl CMOXEM OCYyLLECTBUTL be3
9K3NCTEHUNANBHO- aKCMOMATUYECKMX MPEANONOXKEHUN, MOXET
BbITb TOrAa Mbl CMOXeM NoAobHbIM e 0bpa3oM HenoCpeacTBEHHO
NOCTPONTL U BECb aHaNN3 B LESIOM, a TEM CaMbIM CAenaThb
YNOMMHABLUIEECS [OKA3aTeNbCTBO HEBO3MOXHOCTN BoObLLE
N3NUWHUM?

(Hilbert's answer is in negative because of his worries about infinity.
A topic for future research.)

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Hilbert and Smirnov on Genetic Method

Smirnov 1962

[after discussing several possibilities to formalize genetic reasoning
with axiomatic calculi]

3apava hopMann3saummn reHeTUYeckoli CUCTEMbI MBILLJIEHNST MOXET
pelaTbest U Ha Apyrom nyTu. He obsizaTenbHO MCKaTb nCHNCEHME,
afIEKBAaTHO MPEACTaBSIOLEE PACCMAaTPMBAEMYIO CUCTEMY
MblLLNEHNSE B (DOPME aKCUOMATUYHECKOrO UCHUCTIEHNS], T. €.
NCHUCNEHNA, rae npasua BbiBOAA NPEeACTaABAAT YMO3aKJHOHYEHNA
(nepexop OT OQHOMO BbICKA3bIBaHUS K APYroMy), a [OKa3yemble
popMybI - 3aKOHbI JIOTUKM.
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Hilbert and Smirnov on Genetic Method

Smirnov 1962

MoXHO nbITaTbCs HAWTK NCHNCNEHNE, KOTOPOE ABNAETCA

HenocpeacTBeHHO hopManm3aumeil TEXHUKN pekypcum
(anropnTMnYECKMX NPOLECCOB). Takne NCHUCIEHUSI Mbl UMEEM B
Buae hopMannsMa pekypcrBHbIX OyHKUWUI, CTaHAAPTHBIX
anropnTMoB, OYHKLUWN, BLIYNCAUMBIX MO T bIOPUHTY, U APYruX

YTOYHEHWIA.
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Hilbert and Smirnov on Genetic Method

Smirnov 1962

Ho Takoil nyTb yTOYHEHNSI FEHETNYECKOrO METOAA MOCTPOEHMS
Hay4HbIX TEOPWii MPUBOAUT HAC K HEODXOAMMOCTN pPacLMpnTh
0bnacTb NOMMYECKOro 1 CAenaTb NPEAMETOM N3YHEHUs JIOTUKM
TaKne 3JIEMEHTBI, KaK AelCTBUS, aHAJIOTNYHO TOMY, KaK 3TO UMESO
MECTO C OTHOLLEHMSIMU), U Takne POpMbl MbIC/IU, KaK MPEANCaHns
n cuctembl npeanucannii (anroputmel). [..] B Takom cnyyae nog
JIOTMYECKUM Mbl MOHUMAEM He TOJIbKO [OKa3aTesbCTBO
(obocHoBaHME ofHMX BbICKa3bIBaHWI NOCPEACTBOM APYrinX), HO 1
npouecc ceefieHust ogHux ‘ctpaterem geiicteus” (K. Mapkc) k

OPYrum.
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Hilbert and Smirnov on Genetic Method

Smirnov 1962

Hu ogHa Teopusi He MOXeT BbITb pa3suTa 6e3 Tex Win MHbIX
[eliCTBUIA, OT JAHHOIO K YEMY-TO UHOMY MOXHO NEPENTN TONbKO
coBepLUNB onpeaeneHHoe aelicteme. Ho B akcmomaTtuydeckoi
cucTemMe TakUMU JONYCTUMBIMU AeliCTBUAMUN ABAAIOTCA TOJIbKO
JIOrnyecKme ymMo3akJto4eHus, T.e. AeliCTBMS HAA BbICKa3blBAaHUAMU;
B FEHETNYECKO Teopuu AOMYCKAtOTCs AENCTBUSA Hag obbekTamu

Teopuu.
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Hilbert and Smirnov on Genetic Method

Anisov 1996

AHanunsupys cnocobbl NocTpoeHust HayyHbix Teopuii, B.A.CmupHos
NPULLIEN K BbIBOAY, YTO Mbl UMeeM fBe hyHAAMEHTasbHbIe
cucTembl MblwneHus. Ha cemaHTnyeckom ypoBHe nepBas
NpeACTaB/IEHa TEOPETUKO-MHOXXECTBEHHBLIM MbILLEHNEM. DTa
CUCTEMA MbILLJIEHUAS PEain30BaHa B aKCUOMAaTUHECKOM METOAE
noCcTpoeHusi Teopun. BTopas cuctema ocHOBaHa Ha FEHETUHECKOM,
KOHCTPYKTUBHOM MbliwieHun. Eil cooTBeTCTBYET reHeTnyeckunii
MEeTOZ MOCTPOEHNST HAyYHOW Teopuu.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Hilbert and Smirnov on Genetic Method

My claim

(PopmanbHbIii) aKCNOMATUHECKNIA N TEHETUHECKNTA METOA
noctpoeHust Teopuit oteevator HE aBym pasnnyHbim
(byHAAMEHTASIbHLIM CUCTEMAM MbILLIEHUS, @ 4BYM
B3aMMHO-JOMONHNTENbHLIM aCMeKTaM OfHOI 1 TOIi e CUCTEMbI
(kOTOpYIO SIBASIETCS 11 aKCMOMATUYECKON, U FEHETUYECKON, Kak B
npumepax [mnbbepra (EBknng, Hetoton, Knaysuc). Xectkoe
pasrpaHuyeHne obnacTeli NpUMeHeHUst STUX ABYX METOLOB (Teopus
N MeTa-Teopusi), KOTOPOEe Mbl Haxoaum y mnbbepra , siBnsieTcs
NCKYCCTBEHHbBIM MPUEMOM SMNCTEMOJIOTMYECKAs LIEHHOCTb KOTOPOro
COMHUTesIbHA (B 4ACTHOCTHN, HO HE TOJIbKO, B BUAY
OrpaHMyNTENbHBIX Teopem [éaenst).

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Hilbert and Smirnov on Genetic Method

My claim

Bonpoc coctont He B TOM, CTPOUTL NN Teopum ‘‘akcmoMaTudeckmn”
(8 cmbicne [nnbbepra) nnu renetnueckmn (Bcneg 3a Esknngom,
HbtoToHoMm, n T.4.), a B Tom, cregyeT i Beed 3a [nnsbeprom
OTAE/IATL "aKCMOMATUYECKYIO ' AeAyKTUBHYIO CTPYKTYpPY Teopun oT
€e reHeTUYeCKON CTPYKTYpbl (M, B HaCTHOCTM, Pasnn4yaTb TEOPUIO U1
MeTa-Teoputo). 51 yTeepxaato, 4to Boobue rosopst HE cneayer (a
3HAYUT, U He CiefyeT OTAENSTb META-TEOPUIO OT Teopun).

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Hilbert and Smirnov on Genetic Method

Motivating Example

CoBpemenHble maTemaTnyeckue Teopun kak [MPABUJIO ekarouatoTt
cobcTeeHHble MeTa-Teopuu. [pumep: Teopust rpynn. OcHoBHOE
COAEp>XaHne 3TON Teopun 3TO TeopUsi (TEOPETUKO-MHOXKECTBEHHbIX)
mMogeneli akcmom 3Toii Teopum. B “yuctoii”’ Teopun rpynn Hesnb3s
JaXKe ONpeAenunTb, YTO Takoe MOArpynmna n [oKasaTb Teopemy
JNarpatxal (xoTst MOXXHO fOKa3aTb e4UHCTBEHHOCTL €ANHULbI 1
nogobHble npocTbie Bewm). B obbiyHOW MaTemaTuyeckoin npakTuke
3TN ABa Kiacca Teopem (Teopembl N MeTaTeopeMbl) He
pa3anyaloTCs. 3HAYNT NN OTO, YTO MAaTEMATUKA He HYXKAAETCs B
noruyeckoii ctporoctn? Het. Ckopee 370 3HaumT, 4TO
akcuomaTuyeckuii metog mnsbeprta He oTBEYaeT HyXgaMm
COBPEMEHHOl MaTeMaTuKu.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Hilbert and Smirnov on Genetic Method

Structure of the argument
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Hilbert and Smirnov on Genetic Method

Structure of the argument

> obuias cTpykTypa npobnem u teopem y Eeknuga
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Hilbert and Smirnov on Genetic Method

Structure of the argument

> obuias cTpykTypa npobnem u teopem y Eeknuga
> 130MOPU3M MOAENER BbIHNCNEHNI (A3bIKOB
nporpamMmMmpoBaHms) n aeaykTueHbix cuctem (Kappu-Xosapg)
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Hilbert and Smirnov on Genetic Method

Structure of the argument

> obuias cTpykTypa npobnem u teopem y Eeknuga

> 130MOPU3M MOAENER BbIHNCNEHNI (A3bIKOB
nporpamMmMmpoBaHms) n aeaykTueHbix cuctem (Kappu-Xosapg)

> 00L1as KaTeropHasi CTPyKTypa $i3bIKOB MPOrpaMMMpPOBaHUs U1
LEAYKTUBHBIX CMCTeM (AeKapTOBO 3aMKHYTbIE KaTeropuu)
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Hilbert and Smirnov on Genetic Method

Structure of the argument

> obuias cTpykTypa npobnem u teopem y Eeknuga

> 130MOPU3M MOAENER BbIHNCNEHNI (A3bIKOB
nporpamMmMmpoBaHms) n aeaykTueHbix cuctem (Kappu-Xosapg)

> 00L1as KaTeropHasi CTPyKTypa $i3bIKOB MPOrpaMMMpPOBaHUs U1
LEAYKTUBHBIX CMCTeM (AeKapTOBO 3aMKHYTbIE KaTeropuu)

> [UNEPAOKTPUHLI 1 JIOKANLHO LEKAPTOBO 3aMKHYTLIE KaTEropuu
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Hilbert and Smirnov on Genetic Method

Structure of the argument

> obuwas cTpykTypa npobaem n Teopem y EBkanga

> n30MOpU3M MoAeneii BblYncaeHunii (s3b1koB
nporpamMmMmpoBaHms) n aeaykTueHbix cuctem (Kappu-Xosapg)

> oblas KaTeropHas CTpyKTypa si3bIKOB MPOrpaMMMPOBaHUs U
LEAYKTUBHBIX CMCTeM (AeKapTOBO 3aMKHYTbIE KaTeropuu)

> rUNepaoKTPUHBI N JIOKAJIbHO BEKAPTOBO 3aMKHYThLIE KaTeropuu

> KOHCTpyKTuBHasi Teopusi Tunoe M.-J1. Kak BHYTPEHHWIA A3bIK
JIOKaNIbHO J,EKAPTOBO 3aMKHYTOI KaTeropum

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Hilbert and Smirnov on Genetic Method

Structure of the argument

> obuwas cTpykTypa npobaem n Teopem y EBkanga

> n30MOpU3M MoAeneii BblYncaeHunii (s3b1koB
nporpamMmMmpoBaHms) n aeaykTueHbix cuctem (Kappu-Xosapg)

> oblas KaTeropHas CTpyKTypa si3bIKOB MPOrpaMMMPOBaHUs U
LEAYKTUBHBIX CMCTeM (AeKapTOBO 3aMKHYTbIE KaTeropuu)

> rUNepaoKTPUHBI N JIOKAJIbHO BEKAPTOBO 3aMKHYThLIE KaTeropuu

> KOHCTPyKTMBHas Teopust Tunos M.-J1. kak BHYTPeHHWIA A3bIK
JIOKaNIbHO J,EKAPTOBO 3aMKHYTOI KaTeropum

> KaHOHMYECKasi TOMOTONNYECKAst MOAENb (MHTEHCUOHABLHONA )
KOHCTPYKTUBHOI Teopun TUNos (roMmoTonmyeckas Teopus
TNOB)
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Hilbert and Smirnov on Genetic Method

Structure of the argument

> obuwas cTpykTypa npobaem n Teopem y EBkanga

> n30MOpU3M MoAeneii BblYncaeHunii (s3b1koB
nporpamMmMmpoBaHms) n aeaykTueHbix cuctem (Kappu-Xosapg)

> oblas KaTeropHas CTpyKTypa si3bIKOB MPOrpaMMMPOBaHUs U
LEAYKTUBHBIX CMCTeM (AeKapTOBO 3aMKHYTbIE KaTeropuu)

> rUNepaoKTPUHBI N JIOKAJIbHO BEKAPTOBO 3aMKHYThLIE KaTeropuu

> KOHCTPyKTMBHas Teopust Tunos M.-J1. kak BHYTPeHHWIA A3bIK
JIOKaNIbHO J,EKAPTOBO 3aMKHYTOI KaTeropum

> KaHOHMYECKasi TOMOTONNYECKAst MOAENb (MHTEHCUOHABLHONA )
KOHCTPYKTUBHOI Teopun TUNos (roMmoTonmyeckas Teopus
TNOB)

> YHUBaNEHTHble OCHOBaHUs BoeBogckoro kak coBpeMeHHas

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

3 Kinds of First Principles in Euclid's ELEMENTS::

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

3 Kinds of First Principles in Euclid's ELEMENTS::

» Definitions:
play the same role as axioms in the modern sense; ex. radii of
a circle are equal
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Euclid: Problems and Theorems

3 Kinds of First Principles in Euclid's ELEMENTS::

» Definitions:
play the same role as axioms in the modern sense; ex. radii of
a circle are equal

» Axioms (Common Notions):
play the role similar to that of logical rules restricted to
mathematics: cf. the use of the term by Aristotle
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Euclid: Problems and Theorems

3 Kinds of First Principles in Euclid's ELEMENTS::

» Definitions:
play the same role as axioms in the modern sense; ex. radii of
a circle are equal

» Axioms (Common Notions):
play the role similar to that of logical rules restricted to
mathematics: cf. the use of the term by Aristotle

» Postulates:
non-logical constructive rules

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Axioms (Common Notions)

Al. Things equal to the same thing are also equal to one another.
A2. And if equal things are added to equal things then the wholes
are equal.

A3. And if equal things are subtracted from equal things then the
remainders are equal.

A4. And things coinciding with one another are equal to one
another.

A5. And the whole [is] greater than the part.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Postulates 1-3:

P1: to draw a straight-line from any point to any point.
P2: to produce a finite straight-line continuously in a
straight-line.

P3: to draw a circle with any center and radius.

Andrei Rodin FeHeTuyeckunini akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Postulates 1-3 (continued):

Postulates 1-3 are NOT propositions! They are not first truths.
They are basic (non-logical?) operations. Cf. Smirnov on “logic in a

wider sense”.
Existential and modal interpretations of Postulates are possible but

not necessary. They provide biased representations of Euclid’s
geometry.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Operational interpretation of Postulates

Postulates input output
P1 two points straight segment
P2 straight segment straight segment
P3 straight segment and its endpoint circle

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Theorem 1.5 of Euclid’'s ELEMENTS:

[enunciation:]

For isosceles triangles, the angles at the base are equal to one
another, and if the equal straight lines are produced then the angles
under the base will be equal to one another.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Theorem 1.5 (continued):

[exposition]:

Let ABC be an isosceles triangle having the side AB equal to the
side AC; and let the straight lines BD and CE have been produced
further in a straight line with AB and AC (respectively). [Post. 2].

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Theorem 1.5 (continued):
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Euclid: Problems and Theorems

Theorem 1.5 (continued):

[specification:]
| say that the angle ABC is equal to ACB, and (angle) CBD to
BCE.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Theorem 1.5 (continued):

[specification:]

| say that the angle ABC is equal to ACB, and (angle) CBD to
BCE.

[construction:]

For let a point F be taken somewhere on BD, and let AG have
been cut off from the greater AE, equal to the lesser AF [Prop.
1.3]. Also, let the straight lines FC, GB have been joined. [Post. 1]

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Theorem 1.5 (continued):

[proof]

In fact, since AF is equal to AG, and AB to AC, the two (straight
lines) FA, AC are equal to the two (straight lines) GA, AB,
respectively. They also encompass a common angle FAG. Thus, the
base FC is equal to the base GB, and the triangle AFC will be
equal to the triangle AGB, and the remaining angles subtended by
the equal sides will be equal to the corresponding remaining angles
[Prop. 1.4]. (That is) ACF to ABG, and AFC to AGB. And since
the whole of AF is equal to the whole of AG, within which AB is
equal to AC, the remainder BF is thus equal to the remainder CG
[Ax.3]. But FC was also shown (to be) equal to GB.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Theorem 1.5 (continued):

[proof (continued):]

So the two (straight lines) BF, FC are equal to the two (straight
lines) CG, GB respectively, and the angle BFC (is) equal to the
angle CGB, while the base BC is common to them. Thus the
triangle BFC will be equal to the triangle CGB, and the remaining
angles subtended by the equal sides will be equal to the
corresponding remaining angles [Prop. 1.4]. Thus FBC is equal to
GCB, and BCF to CBG. Therefore, since the whole angle ABG was
shown (to be) equal to the whole angle ACF, within which CBG is
equal to BCF, the remainder ABC is thus equal to the remainder
ACB [Ax. 3]. And they are at the base of triangle ABC. And FBC
was also shown (to be) equal to GCB. And they are under the base.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Theorem 1.5 (continued):

[conclusion:]

Thus, for isosceles triangles, the angles at the base are equal to one
another, and if the equal sides are produced then the angles under
the base will be equal to one another. (Which is) the very thing it

was required to show.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Problem 1.1 of Euclid's ELEMENTS:

[enunciation:]
To construct an equilateral triangle on a given finite straight-line.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Problem 1.1 (continued):

[exposition:]

Let AB be the given finite straight-line.

specification:

So it is required to construct an equilateral triangle on the
straight-line AB.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Problem 1.1 (continued):

[construction:]

Let the circle BCD with center A and radius AB have been drawn
[Post. 3], and again let the circle ACE with center B and radius BA
have been drawn [Post. 3]. And let the straight-lines CA and CB
have been joined from the point C, where the circles cut one
another, to the points A and B [Post. 1].

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Euclid: Problems and Theorems

Problem 1.1 (continued):
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Euclid: Problems and Theorems

Problem 1.1 (continued):

[proof]

And since the point A is the center of the circle CDB, AC is equal
to AB [Def. 1.15]. Again, since the point B is the center of the
circle CAE, BC is equal to BA [Def. 1.15]. But CA was also shown
(to be) equal to AB. Thus, CA and CB are each equal to AB. But
things equal to the same thing are also equal to one another
[Axiom 1]. Thus, CA is also equal to CB. Thus, the three
(straight-lines) CA, AB, and BC are equal to one another.
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Euclid: Problems and Theorems

Problem 1.1 (continued):

[conclusion:]
Thus, the triangle ABC is equilateral, and has been constructed on

the given finite straight-line AB. (Which is) the very thing it was
required to do.
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Euclid: Problems and Theorems

Conclusion on Euclid

Logical (propositional) deduction and geometrical production are
intertwined. One does NOT work without the other. No production
without deduction (contra the existential interpretation). No
deduction without production.
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Euclid: Problems and Theorems

Friedman on Kant on Euclid

Euclidean geometry [..] is not to be compared with Hilbert's
axiomatization [of Euclidean geometry], say, but rather with Frege's
Begriffsschrift. It is not a substantive doctrine, but a form of
rational representation: a form of rational argument and inference.
Accordingly, its propositions are established, not by
quasi-perceptual acquaintance with some particular subject matter,
but, as far as possible, by the most rigorous methods of proof - by
the proof-procedures of Euclid, Book |, for example.
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Curry-Howal

Cyrry or Howard? (wiki)
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Curry-Howard-Lambek

Cyrry or Howard? (wiki)

» the observation in 1934 by Curry that the types of the
combinators could be seen as axiom-schemes for intuitionistic
implicational logic.
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Curry-Howard-Lambek

Cyrry or Howard? (wiki)

» the observation in 1934 by Curry that the types of the
combinators could be seen as axiom-schemes for intuitionistic
implicational logic.

» the observation in 1958 by Curry that Hilbert-style deduction
systems, coincides on some fragment to the typed fragment of
a standard model of computation known as combinatory logic,
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Curry-Howard-Lambek

Cyrry or Howard? (wiki)

» the observation in 1934 by Curry that the types of the
combinators could be seen as axiom-schemes for intuitionistic
implicational logic.

» the observation in 1958 by Curry that Hilbert-style deduction
systems, coincides on some fragment to the typed fragment of
a standard model of computation known as combinatory logic,

> the observation in 1969 (published later in 1980) by Howard
that the natural deduction can be directly interpreted in its
intuitionistic version as typed lambda calculus.
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Curry-Howard-Lambek

Historical remark

Foundational consideration played a crucial role in this story from
the outset (Schonfinkel, Curry, Church, Kolmogorov, Lawvere,
Lambek). The expression “Curry-Howard isomorphism”, which
suggests that we have here an unexplained/surprising formal
coincidence, is due to Howard 1969. The true history (and the true
meaning) still waits to be explored.
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Curry-Howard-Lambek

Simply typed lambda calculus (type system for x, —)

Vaﬁabh:r’x: TEx-T

N-¢: 7 Ttwu:U

Product: H ) T x U
Fr~v:TxU Fr~v:TxU
FrEmv: T MEmv: U

. MHx:UFt: T
Function:

MN-Xxt:U—T
Fr-t:U—T Tru:U

lEtu: T
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Curry-Howard-Lambek

Natural deduction (system for &, D)

Identity: TAFA (1d)

r'-A T-B

Conjunction: TFAZB (& - intro)
F t Q&B (& - eliml); F t 2&5 (& - elim2)
. . [AFB .
Implication: A5 B (D-intro)
D)
F :: g 2B ThEA (D>-elim aka modus ponens)
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Curry-Howard-Lambek

Curry-Howard Isomorphism

& = x
D

I
!
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Curry-Howard-Lambek

Brouwer-Heyting-Kolmogorov (BHK interpretation)

» proof of A D B is a procedure that transforms each proof of A
into a proof of B;

» proof of A&B is a pair consisting of a proof of A and a proof
of B
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Curry-Howard-Lambek

Lawvere and Lambek 1969

The structure behind the Curry-Howard isomorphism is precisely
captured by the notion of Cartesian closed category (CCC), which
is an (abstract) category with the terminal object, products and
exponentials.

Examples: Sets, Boolean algebras

Simply typed lambda-calculus / natural deduction is the internal
language of CCC.

» Objects: types / propositions
» Morphisms: terms / proofs
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Curry-Howard-Lambek

Higher-order generalization: Hyperdoctrines (Lawvere)

» Quantifiers as adjoints to substitution; hyperdoctrines (1969)
» Toposes (1970)
» Locally Cartesian closed categories (LCCC) (1996)
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT (Martin-Lof 1980): key features
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT (Martin-Lof 1980): key features

» double interpretation of types: “sets” and propositions
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT (Martin-Lof 1980): key features

» double interpretation of types: “sets” and propositions

» double interpretation of terms: elements of sets and proofs of
propsitions
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT (Martin-Lof 1980): key features

» double interpretation of types: “sets” and propositions

» double interpretation of terms: elements of sets and proofs of
propsitions

» higher orders: dependent types (sums and products of families
of sets)
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT (Martin-Lof 1980): key features

» double interpretation of types: “sets” and propositions

» double interpretation of terms: elements of sets and proofs of
propsitions

» higher orders: dependent types (sums and products of families
of sets)

» MLTT is the internal language of LCCC (Seely 1983)
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT: two identities
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT: two identities

» Definitional identity of terms (of the same type) and of types:
x =y : A, A= B : type (substitutivity)
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT: two identities

» Definitional identity of terms (of the same type) and of types:
x =y : A, A= B : type (substitutivity)

» Propositional identity of terms x, y of (definitionally) the same
type A:

lda(x, y) : type;
Remark: propositional identity is a (dependent) type on its
own.
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Martin-Lof’s Constructive Type theory (MLTT)

MLTT: Higher Identity Types

> X'y lda(x,y)
> ldig,(x',y") : type
» and so on
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(Higher) Homotopies

Fundamental group

Fundamental group GY of a topological space T:
> a base point P;
» loops through P (loops are circular paths /: | — T);
» composition of the loops (up to homotopy only! - see below);
» identification of homotopic loops;
>

independence of the choice of the base point.
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(Higher) Homotopies

Fundamental (1-) groupoid

Gl .
T
» all points of T (no arbitrary choice);
» paths between the points (embeddings s : | — T);

» composition of the consecutive paths (up to homotopy only! -
see below);

» identification of homotopic paths;

Since not all paths are consecutive G% contains more information
about T than G%!
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(Higher) Homotopies

Path Homotopy and Higher Homotopies

s:1—T,p:1— T where | =0,1]: pathsin T

h: 1 x1— T:homotopy of paths s, tif (0 x [)=s, h(1 xI)=1t
h" . | x 1"~ — T: n-homotopy of n — 1-homotopies hg_l, hf_l if
A"(0 x 1"7) = A37L, AP(1 x 1771y = AT

Remark: Paths are zero-homotopies
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(Higher) Homotopies

Path Homotopy and Higher Homotopies
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(Higher) Homotopies

Homotopy categorically and Categories homotopically
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(Higher) Homotopies

Higher Groupoids and Omega-Groupoids (Grothendieck
1983)

all points of T (no arbitrary choice);

paths between the points ;

>

>

» homotopies of paths

» homotopies of homotopies (2-homotopies)
>

higher homotopies up to n-homotopies

v

higher homotopies ad infinitum

G™ contains more information about T than G7 I
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(Higher) Homotopies

Composition of Paths

Concatenation of paths produces a map of the form 2/ — T but
not of the form | — T, i.e., not a path. We have the whole space
of paths | — 2/ to play with! But all those paths are homotopical.
Similarly for higher homotopies (but beware that n-homotopies are
composed in n different ways!)

On each level when we say that a ® b = ¢ the sign = hides an
infinite-dimensional topological structure!
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(Higher) Homotopies

Grothendick Conjecture:

G% contains all relevant information about T; an omega-groupoid
is a complete algebraic presentation of a topological space.

Andrei Rodin FeHeTuyeckunii akcmomaTuyeckuii metog, usomopcusm Kapy



Homotopy Type theory

Homotopy Type theory

» Groupoid model of MLTT: basic types are groupoids, terms
are their elements, dependent types are fibrations of groupoids
(families of groupoids indexed by groupoids - rather than
families of sets indexed by sets). Extensionality one dimension
up. (Streicher 1993).

» Higher (homotopical) groupoids model higher identity types.
Intensionality all way up (Voevodsky circa 2008).
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Univalent Foundations

Voevodsky 2011

The broad motivation behind univalent foundations is a desire to
have a system in which mathematics can be formalized in a manner
which is as natural as possible. Whilst it is possible to encode all of
mathematics into Zermelo-Fraenkel set theory, the manner in which
this is done is frequently ugly; worse, when one does so, there
remain many statements of ZF which are mathematically
meaningless. This problem becomes particularly pressing in
attempting a computer formalization of mathematics; in the
standard foundations, to write down in full even the most basic
definitions - of isomorphism between sets, or of group structure on
a set - requires many pages of symbols.
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Univalent Foundations

Voevodsky 2011

Univalent foundations seeks to improve on this situation by
providing a system, based on Martin-L&f's dependent type theory
whose syntax is tightly wedded to the intended semantical
interpretation in the world of everyday mathematics. In particular, it
allows the direct formalization of the world of homotopy types;
indeed, these are the basic entities dealt with by the system.
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Univalent Foundations

New Axiomatic Method

lomoTonuyeckast mogens Teopun Tunos MapTtuHa-Jleda
NHTeprpeTupyeT (reOMETPUYECKHM) JIOTMYECKME CUMBOJIBI HAapsiAy C
Henorudeckumu. OgHU 1 Te e onepaLuy UHTEPNPETUPYIOTCS U
Kak sornyeckmne (T.e. Kak Omepauun Hag npono3uunsiMm), U Kak
reomeTpuyeckne (Kak onepauum Haj reoMeTpuYecKuMm
obbektamn). Mpumep: nyTb n ToxgecTeo. MosTomy
akcnomaTuyeckmnii meton Boesoackoro bonblue Noxox Ha MeTOA
Esknnpga, yem Ha metop [unbbepra.
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Univalent Foundations

» (i) Given space is called A contractible (aka space of h-level 0)
when there is point x : A connected by a path with each point
y : Ain such a way that all these paths are homotopic.

» (i) We say that A is a space of h-level n+ 1 if for all its points
x, y path spaces pathsa(x,y) are of h-level n.
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Univalent Foundations

h-universe

drei Rodin FeHeTuyeckunii akcmomaTtuyeckuii metog, usomopcpusm Ka



Univalent Foundations

h-universe

» Level 0: up to homotopy equivalence there is just one
contractible space that we call “point” and denote pt;
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Univalent Foundations

h-universe

» Level 0: up to homotopy equivalence there is just one
contractible space that we call “point” and denote pt;

» Level 1: up to homotopy equivalence there are two spaces
here: the empty space () and the point pt. (For () condition (ii)
is satisfied vacuously; for pt (ii) is satisfied because in pt there
exists only one path, which consists of this very point.) We call
(), pt truth values; we also refer to types of this level as
properties and propositions. Notice that h-level n corresponds
to the logical level n — 1: the propositional logic (i.e., the
propositional segment of our type theory) lives at h-level 1.
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Univalent Foundations

h-universe

drei Rodin FeHeTuyeckunii akcmomatuyeckuii metog, usomopcpusm Ka



Univalent Foundations

h-universe

> Level 2: Types of this level are characterized by the following
property: their path spaces are either empty or contractible. So
such types are disjoint unions of contractible components
(points), or in other words sets of points. This will be our
working notion of set available in this framework.
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Univalent Foundations

h-universe

» Level 2: Types of this level are characterized by the following
property: their path spaces are either empty or contractible. So
such types are disjoint unions of contractible components
(points), or in other words sets of points. This will be our
working notion of set available in this framework.

» Level 3: Types of this level are characterized by the following
property: their path spaces are sets (up to homotopy
equivalence). These are obviously (ordinary flat) groupoids
(with path spaces hom-sets).
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Univalent Foundations

h-universe

» Level 2: Types of this level are characterized by the following
property: their path spaces are either empty or contractible. So
such types are disjoint unions of contractible components
(points), or in other words sets of points. This will be our
working notion of set available in this framework.

» Level 3: Types of this level are characterized by the following
property: their path spaces are sets (up to homotopy
equivalence). These are obviously (ordinary flat) groupoids
(with path spaces hom-sets).

> Level 4: 2-groupoids
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Univalent Foundations

h-universe

>
>
|
>
>

Level n+2: n-groupoids

w-groupoids

w-groupoids (w + 1 = w)
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Univalent Foundations

How it works

Let iscontr(A) and isaprop(A) be formally constructed types “ A is
contractible” and “A is a proposition” (for formal definitions see
Voevodsky:2011, p. 8). Then one formally deduces (= further
constructs according to the same general rules) types
isaprop(iscontr(A)) and isaprop(isaprop(A)), which are non-empty
and thus “hold true” for each type A; informally these latter types
tell us that for all A “A is contractible” is a proposition and “A is a
proposition” is again a proposition.
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Univalent Foundations

How it works

With the same technique one defines in this setting type weq(A, B)
of weak equivalences (i.e., homotopy equivalences) of given types
A, B (as a type of maps e : A — B of appropriate sort) and
formally proves its expected properties. These formal proves involve
a different type isweq(A, B) of h-level 2, which is a proposition
saying that A, B are homotopy equivalent, i.e., that type weq(A, B)
is inhabited.)
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Univalent Foundations

Axiom of Univalence

Homotopically equivalent types are (propositionally) identical. This
means that the universe TYPE of homotopy types is construed like
a homotopy type (and also modeled by w-groupoid).

Axiom of Univalence is the only axiom of Univalent Foundations on

the top of MLTT.
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Conclusions

Conclusionl

DopmManbHblli aKCMOMATUYECKNTE MeTOZ, NPeasIOXEHHbIT
mnebepTom MoXeT BbITb UCNONBb30BaH B KaYecTBe 0COBOro
npuema ‘MaTemMaTM4eckoin pedpniekcum”’, HO He B KaYeCTBe
YHUBEPCAJILHOrO METOAA MOCTPOEHUsT MaTemaTuyeckux (1 gpyrux)
Teopuii. [pobnema cocTouT B TOM, 4TO 3TOT METOA HEaLEKBATHO
YYMTbIBAET KOHCTPYKTMBHBIN acMekT MaTeMaTukn (N eCTeCTBEHHbIX
HayK), NCXOAs N3 HEBEPHOU NMPEANOCHIIKN, COrNACHO KOTOPOI 3TOT
KOHCTPYKTUBHBIA aCNeKT MOXXHO OrpaHnyuTb npegenamu
“metamatemaTukun’. PopmanbHble “3K3MCTEHUMANbHBIE"
aKCMOMaTUYECKNE TEOPUMN HEAJEKBATHO NPEACTaBASOT "HanBHble'
MaTeMaTUYeCKNe TEOPUN.
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Conclusions

Conclusion?2

MecTkoe pasgeneHne pasgeneHune LefyKTUBHbIX N FEHETUYECKNX
cTpyKTyp B aAyxe MunbbepTa He ABNsAeTCA HEOBXOAMMBLIM U He AaeT
OYeBUAHbLIX anncTemuyecknx npenmyects. ObbeanHeHne sTux
CTPYKTYp B Ayxe EBKIMAa BO3MOXHO B KOHTEKCTE COBPEMEHHO
maTematukn (Maptun-Jl4d, Boesoackuii) n nossonsier
3hheKTUBHO NPUMEHATb COBPEMEHHbIE JIOFMYECKNE METOAbI
(BK/IHOYAst KOMMBIOTEPHBIE METOABI) B CaMbIX PasHbix 0DnacTsx
maTematukn. (Coq Bbin co3gaH ans peleHns npobnembl YeTbipex
kpacok!)
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Conclusions

Open problem

EcTb ocHoBaHus npeanonaraTb, YTO HOBbI/i aKCMOMATUYECKNT
MOAXOA MO3BOAUT Takxe bonee achpekTUBHO 1 bosee LWNPOKO
MCMOJIb30BaTh COBPEMEHHbLIE JIOTUYECKUE METOAbI B (DU3MKE U
APYrnx eCTECTBEHHbIX HayKax.
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Conclusions

THE END
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