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Axiomatic Method

Hilbert on Axiomatic method

When we assemble the facts of a definite field of
knowledge, we soon notice that these facts are capable of
being ordered. This ordering always comes about with

the help of a certain framework of concepts ... The
framework of concepts is nothing other than the theory
of the field of knowledge.
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Axiomatic Method

Hilbert on Axiomatic method (continued)

If we consider a particular theory more closely, we always
see that a few distinguished propositions of the field of
knowledge underlie the construction of the framework of
concepts, and these propositions then suffice by
themselves for the construction, in accordance with
logical principles, of the entire framework.
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Axiomatic Method

Hilbert on Axiomatic method (continued)

These fundamental propositions can be regarded ... as
the axioms of the individual fields of knowledge : the
progressive development of the individual field of
knowledge then lies solely in the further logical
construction of the already mentioned framework of
concepts. This standpoint is especially predominant in
pure mathematics.
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Axiomatic Method

Hilbert on Axiomatic method (continued)

[A]nything at all that can be the object of scientific
thought becomes dependent on the axiomatic method,
an thereby indirictly on mathematics.

Axiomatic Thought, 1918
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Axiomatic Method

Hilbert on Axiomatic method (continued)

The axiomatic method is and remains the indispensable
tool, appropriate to our minds, for all exact research in
any field whatsoever : it is logically incontestable and at
the same time fruitful. ... To proceed axiomatically means
in this sense nothing else than to think with

CoNnsciousness.
The New Grounding of Mathematics, 1922
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Axiomatic Method

The persisting gap between the formal and the informal
mathematics is due to an inadequate notion of mathematical
theory behind the current formalization techniques. | mean the
(informal) notion of axiomatic theory according to which a
mathematical theory consists of a set of axioms and further
theorems deduced from these axioms according to certain rules of
logical inference. Thus | claim that the usual notion of axiomatic
method is inadequate and needs a replacement.
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Axiomatic Method

Claim (continued) :

In particular, | claim that elementary theories like ZFC are not
adequate as foundations (albeit they may be useful for some other
purposes).
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Axiomatic Method

Structure of the Argument :
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Axiomatic Method

Structure of the Argument :

» The modern notion of axiomatic theory inadequately
represents the theory of Euclid's Elements;
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Axiomatic Method

Structure of the Argument :

» The modern notion of axiomatic theory inadequately
represents the theory of Euclid's Elements;

» It is not adequate to the modern informal mathematics
either : the example of Bourbaki's Set theory ;
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Axiomatic Method

Structure of the Argument :

» The modern notion of axiomatic theory inadequately
represents the theory of Euclid's Elements;

» It is not adequate to the modern informal mathematics
either : the example of Bourbaki's Set theory ;

» Formalization and symbolization : a comparison with the early
modern symbolic algebra;
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Axiomatic Method

Structure of the Argument :

» The modern notion of axiomatic theory inadequately
represents the theory of Euclid's Elements;

» It is not adequate to the modern informal mathematics
either : the example of Bourbaki's Set theory ;

» Formalization and symbolization : a comparison with the early
modern symbolic algebra;

» Axiomatic mathematical theories do not apply in experimental
sciences ; logical forms of mathematical reasoning are not
fundamental ;
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Axiomatic Method

Structure of the Argument :

» The modern notion of axiomatic theory inadequately
represents the theory of Euclid's Elements;

» It is not adequate to the modern informal mathematics
either : the example of Bourbaki's Set theory ;

» Formalization and symbolization : a comparison with the early
modern symbolic algebra;

» Axiomatic mathematical theories do not apply in experimental
sciences ; logical forms of mathematical reasoning are not
fundamental ;

» Traditional mathematical constructivism does not meet this
challenge ; constructive mathematical theories useful in
natural sciences need a new method of theory-building.
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Axiomatic Method

Axiomatic Method

Problems and Theorems in Euclid
Modern Axiomatic Method
Euclid and Modern Mathematics
Formalization and Symbolization

Mathematical Constructivism

Andrei Rodin Doing and Showing ( Axiomatic Method in Ancient and Model



Problems and Theorems in Euclid

Theorem 1.5 of Euclid’'s ELEMENTS :

[enunciation ]
For isosceles triangles, the angles at the base are equal to
one another, and if the equal straight lines are produced
then the angles under the base will be equal to one
another.
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Problems and Theorems in Euclid

Theorem 1.5 (continued) :

[exposition] :
Let ABC be an isosceles triangle having the side AB
equal to the side AC; and let the straight lines BD and
CE have been produced further in a straight line with AB
and AC (respectively). [Post. 2].
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Problems and Theorems in Euclid

Theorem 1.5 (continued) :

[specification ]

| say that the angle ABC is equal to ACB, and (angle)
CBD to BCE.
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Problems and Theorems in Euclid

Theorem 1.5 (continued) :

[specification ]
| say that the angle ABC is equal to ACB, and (angle)
CBD to BCE.

[construction :]

For let a point F be taken somewhere on BD, and let
AG have been cut off from the greater AE, equal to the
lesser AF [Prop. 1.3]. Also, let the straight lines FC, GB
have been joined. [Post. 1]
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Problems and Theorems in Euclid

Theorem 1.5 (continued) :

[proof :]

In fact, since AF is equal to AG, and AB to AC, the two
(straight lines) FA, AC are equal to the two (straight
lines) GA, AB, respectively. They also encompass a
common angle FAG. Thus, the base FC is equal to the
base GB, and the triangle AFC will be equal to the
triangle AGB, and the remaining angles subtended by the
equal sides will be equal to the corresponding remaining
angles [Prop. 1.4]. (That is) ACF to ABG, and AFC to
AGB. And since the whole of AF is equal to the whole of
AG, within which AB is equal to AC, the remainder BF
is thus equal to the remainder CG [Ax.3]. But FC was
also shown (to be) equal to GB. So the two (straight
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Problems and Theorems in Euclid

Theorem 1.5 (continued) :

[conclusion :]
Thus, for isosceles triangles, the angles at the base are
equal to one another, and if the equal sides are produced
then the angles under the base will be equal to one
another. (Which is) the very thing it was required
to show.
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Problems and Theorems in Euclid

Problem 1.1 of Euclid's ELEMENTS :

[enunciation ]

To construct an equilateral triangle on a given finite
straight-line.
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Problems and Theorems in Euclid

Problem 1.1 (continued) :

[exposition :]

Let AB be the given finite straight-line.

[specification :]

So it is required to construct an equilateral triangle on
the straight-line AB.
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Problems and Theorems in Euclid

Problem 1.1 (continued) :

[construction ]

Let the circle BCD with center A and radius AB have
been drawn [Post. 3], and again let the circle ACE with
center B and radius BA have been drawn [Post. 3]. And
let the straight-lines CA and CB have been joined from
the point C, where the circles cut one another, to the
points A and B [Post. 1].
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Problems and Theorems in Euclid

Problem 1.1 (continued) :

[proof :]

And since the point A is the center of the circle CDB,
AC is equal to AB [Def. 1.15]. Again, since the point B
is the center of the circle CAE, BC is equal to BA [Def.
1.15]. But CA was also shown (to be) equal to AB.
Thus, CA and CB are each equal to AB. But things
equal to the same thing are also equal to one another
[Axiom 1]. Thus, CA is also equal to CB. Thus, the three
(straight-lines) CA, AB, and BC are equal to one
another.
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Problems and Theorems in Euclid

Problem 1.1 (continued) :

[conclusion :]

Thus, the triangle ABC is equilateral, and has been
constructed on the given finite straight-line AB. (Which
is) the very thing it was required to do.
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Problems and Theorems in Euclid

3 Kinds of First Principles in Euclid's ELEMENTS : :
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Problems and Theorems in Euclid

3 Kinds of First Principles in Euclid's ELEMENTS : :

» Definitions :
play the same role as axioms in the modern sense; ex. radii of
a circle are equal
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Problems and Theorems in Euclid

3 Kinds of First Principles in Euclid's ELEMENTS : :

» Definitions :
play the same role as axioms in the modern sense; ex. radii of
a circle are equal

» Axioms (Common Notions) :

play the role similar to that of logical rules restricted to
mathematics : cf. the use of the term by Aristotle
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Problems and Theorems in Euclid

3 Kinds of First Principles in Euclid's ELEMENTS : :

» Definitions :
play the same role as axioms in the modern sense; ex. radii of
a circle are equal

» Axioms (Common Notions) :
play the role similar to that of logical rules restricted to
mathematics : cf. the use of the term by Aristotle

» Postulates :
non-logical constructive rules
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Problems and Theorems in Euclid

Common Notions

Al. Things equal to the same thing are also equal to one another.
A2. And if equal things are added to equal things then the wholes
are equal.

A3. And if equal things are subtracted fromequal things then the
remainders are equal.

A4. And things coinciding with one another are equal to one
another.

A5. And the whole [is] greater than the part.
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Problems and Theorems in Euclid

Kool Ewvorat. Common Notions

o T 18 ad1d Too we GdAThOIG 2oTiv oo, 1. Things equal to the same thing are also equal to

B, Kui &iv Tooig Too mpootedd, tie dho Eotiv too. one another.

Y- Ko &irv éemd owv Tow duponped7, i sartodkermdpevi 2. And if equal things are added to equal things then
gouv foo. the wholes are equal.

8. Kod i éyappdlovia &n dhAiha Tox dhhfhog 3. And if equal things are subtracted from equal things
Eativ. then the remainders are equal.t

. Kod 10 Shov t0d pépong peitdv [Eotv]. 4. And things coinciding with one another are equal

to one another.
5. And the whole [is] greater than the part.
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Problems and Theorems in Euclid

Common Notions (continued)

Euclid’'s Common Notions hold both for numbers and magnitudes
(hence the title of “common”); they form the basis of a regional
“mathematical logic” applicable throughout the mathematics.
Aristotle transform them into laws of logic applicable throughout
the episteme, which in Aristotle’s view does not reduce to
mathematics but also includes physics.
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Problems and Theorems in Euclid

Common Notions (continued)

Euclid’'s Common Notions hold both for numbers and magnitudes
(hence the title of “common”); they form the basis of a regional
“mathematical logic” applicable throughout the mathematics.
Aristotle transform them into laws of logic applicable throughout
the episteme, which in Aristotle’s view does not reduce to
mathematics but also includes physics. Aristotle describes and
criticizes a view according to which Common Notions constitute a
basis for Universal Mathematics, which is a part of mathematics
shared by all other mathematical disciplines. In 16-17th centuries
the Universal Mathematics is often identified with Algebra and for
this reason Euclid's Common Notions are viewed as algebraic
principles.

Andrei Rodin Doing and Showing ( Axiomatic Method in Ancient and Model



Problems and Theorems in Euclid

Aristotle on Axioms (1) :

By first principles of proof [as distinguished from first
principles in general] | mean the common opinions on
which all men base their demonstrations, e.g. that one of
two contradictories must be true, that it is impossible for
the same thing both be and not to be, and all other
propositions of this kind.” (Met. 996b27-32)

Here Aristotle refers to a logical principle as “common opinion”.
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Problems and Theorems in Euclid

Aristotle on Axioms (1)

AAAG unV Kal Tepl TOV AMOJEIKTIKQV ApXAV, TIOTEPOV UIAS £0TIV

£MOTAUNG A TASIOVWV, AUOLOBNTHOIUOV 0TIV (Aéyw &€ ATOBEIKTIKAG
TAQ Kowvag d6Eag £E v dravTteg delkviouoty) olov 6T mav avaykaiov

¢ddval f droddaval, kai dd0vatov éua sival kai pr sival, kai 6oat ANat
ToladTal mPoTACELg, MOTEPOV Hia TOUTWV EMOTAKN Kal THG ouaiag i
£€TEPQ, KAV i un Hia, Motépav xpr mMpooayopeUelv TV {NTOUMEVNV VOV.
uiag pev o0v ouk glhoyov elvat: Ti yap paAlov yewpetpiag fi omotacolv

nepl ToUTwV £0Tiv {Slov TO £maisly;
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Problems and Theorems in Euclid

Aristotle on Axioms (2) :

Comparison of mathematical and logical axioms :

We have now to say whether it is up to the same science
or to different sciences to inquire into what in
mathematics is called axioms and into [the general issue
of] essence. Clearly the inquiry into these things is up to
the same science, namely, to the science of the
philosopher. For axioms hold of everything that [there] is
but not of some particular genus apart from others.
Everyone makes use of them because they concern being
qua being, and each genus is. But men use them just so
far as is sufficient for their purpose, that is, within the
limits of the genus relevant to their proofs.
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Problems and Theorems in Euclid

Aristotle on Axioms (2), continued :

Since axioms clearly hold for all things qua being (for
being is what all things share in common) one who
studies being qua being also inquires into the axioms.
This is why one who observes things partly [=who
inquires into a special domain] like a geometer or a
arithmetician never tries to say whether the axioms are
true or false. But some of the physicists did so, quite
naturally ; for they alone professed to investigate nature
as a whole, and Being. (Met. 1005a19-28)
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Problems and Theorems in Euclid

Aristotle on Axioms (2)

AeKTEOV B¢ MOTEPOV UGG T £TEPAC ETIOTAMNG Tepl TE TOV €V TOIQ
Habnuact KaAoupévwy AElwpaTtwy Kal nepl TG olaoiag. avepov dn OTL
MiGg te Kal TAg 100 p1Aocdpou Kal 1 Mepl TOUTWV £0TI OKEYIG: Amaat yap
Umépxel Tolg 0Uotv AN ol yével Tvi Xwpig Big Tdv GAAwv. Kal xpdvTtal
MEV TAVTEG, 6TL TOD 8vTog £oTiv i 8V, £kacTtov 8¢ 10 yévog bv: &l
Tooo0ToV 8¢ XpdvTtal €9’ doov auTolg ikavov, To0To & €oTiv dooV EMEXEL

10 Yévog mepi o0 pépouat TAg Arodeigelg: GoT émel dfidov OTL ) bvTta

Umdpxet ot (1o0To yap autolg 16 Kowdv) , 1ol repl 10 OV 1j dv

YvwpilovTtog Kal rmepl ToUTwV £0TIivV 1) Bewpia.
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Problems and Theorems in Euclid

Aristotle on Axioms (2)

316TEP 0UBEIC TOV KATA HEPOG ETUOKOTIOUVTWY OV: €Ml ToooUTOV O
Xpdvral €¢’ doov auToig ikavov, TolTo & 0TV dooV ETEXEL TO YEVOG
repl o0 $pEpouat Tag arodeifelg: (ot emel dAAov 611 i) dvta Undpxel naaot

Lon2
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Andrei Rodin Doing and Showing ( Axiomatic Method in Ancient and Model



Problems and Theorems in Euclid

Aristotle on Axioms (3) :

Reference to Ax.3 :
Since the mathematician too uses common [axioms| only
on the case-by-case basis, it must be the business of the
first philosophy to investigate their fundamentals. For
that, when equals are subtracted from equals, the
remainders are equal is common to all quantities, but
mathematics singles out and investigates some portion of
its proper matter, as e.g. lines or angles or numbers, or
some other sort of quantity, not however qua being, but
as [...] continuous in one, two or three dimensions . (Met.
1061b)
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Problems and Theorems in Euclid

Aristotle on Axioms (3)

£rel 8¢ Kal 6 HadnuaTikog Xprital Toig Kolvolg diwg, Kal Tag
ToUTwv Apxdg Av ein Bewproal THG MPWTNG pLAocodiag. OTL yap
ano Tov iowv lowv adalpedévtwy (oa TA AemOUeVaA, KOLVOV PEV
£0TLV £TI MAVTWV TAOV TMOOR®V, 1] HaBnuatikn & anolaBoloa mepi
TL pépog ThAC oikelag UANG notettal v Bewplav, olov repl
YPAUHAG 1) Ywviag f) dptOpoug i TOV Aom@V Tt oo®v, oux 1 &'

6vTa AAN 1) ouvexeg auT@v £kaotov £¢’ v iy dUo 1) Tpia
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Problems and Theorems in Euclid

Postulates 1-3 :

P1 : to draw a straight-line from any point to any point.
P2 : to produce a finite straight-line continuously in a
straight-line.

P3 : to draw a circle with any center and radius.
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Postulates

Problems and Theorems in Euclid

Althpertar.

o HitfloBw &nd movidg onpefon émi miv onusiov
evfetay ypappiy dyoryelv.

B Ko memepaopévny eb8elov wath 10 ovvexic ém
ehfeiog ExPodeiv.

v’ Kerd moovtt #évipw sed Stoeothport xbxhov ypdgpea-
Qorr.

&', Kol néoog titg 0pdag ywving ioag hdhng sivar.
¢ Kol éxv eig Sbo edfelog edBeir eumintovea
The Eviog wod Eml T antk pépn yoving Bdo opIav
Ehdooovag mo, 2xfedhopévag tag 8o ebelag én’ Enat-
pov ovpmintey, &¢ & pépn elotv ol @ Bo GpIav
E\docoveg

Postulates

1. Let it have been postulated to draw a straight-line
from any point to any point.

2. And to produce a finite straight-line continuously
in a straight-line.

3. And to draw a circle with any center and radius.

4. And that all right-angles are equal to one another.

5. And that if a straight-line falling across two (other)
straight-lines makes internal angles on the same side (of
itself whose sum is) less than two right-angles, then, be-
ing produced to infinity, the two (other) straight-lines
meet on that side (of the original straight-line) that the
(sum of the internal angles) is less than two right-angles
(and do not meet on the other side).

t 'This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space.
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Problems and Theorems in Euclid

Postulates 1-3 (continued) :

Postulates 1-3 are NOT propositions! They are not first truths.
They are basic (non-logical) operations.
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Problems and Theorems in Euclid

Operational interpretation of Postulates

Postulates input output
P1 two points straight segment
P2 straight segment straight segment
P3 straight segment and its endpoint circle
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Problems and Theorems in Euclid

Key points on Euclid :
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Problems and Theorems in Euclid

Key points on Euclid :

» Problems et Theorems share a common 6-part structure (
enunciation,exposition, specification, construction, proof,
conclusion), which does NOT reduce to the binary structure
proposition - proof.
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Problems and Theorems in Euclid

Key points on Euclid :

» Problems et Theorems share a common 6-part structure (
enunciation,exposition, specification, construction, proof,
conclusion), which does NOT reduce to the binary structure
proposition - proof.

» Postulates 1-3 and enunciations of Problems are NOT
propositions but (non-logical) operations.
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Problems and Theorems in Euclid

Key points on Euclid :

» Problems et Theorems share a common 6-part structure (
enunciation,exposition, specification, construction, proof,
conclusion), which does NOT reduce to the binary structure
proposition - proof.

» Postulates 1-3 and enunciations of Problems are NOT
propositions but (non-logical) operations.

» Euclid’'s mathematics aims at doing AND showing but not
only at showing and moreover not only to proving certain
propositions
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Problems and Theorems in Euclid

Doing and Shoing

o W ~
OTED 28z o LT oL,

Omep Edet Seifar.
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Problems and Theorems in Euclid

Aristotle's mathematical example

Let A be two right angles, B triangle, C isosceles. Then
A is an attribute of C because of B, but it is not an
attribute of B because of any other middle term; for a
triangle has [its angles equal to] two right angles by itself,
so that there will be no middle term between A and B,
though AB is matter for demonstration.” (An. Pr.
48a33-37)

inadequacy of the syllogistic to geometrical proofs?
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Problems and Theorems in Euclid

Aristotle's mathematical example

£0Tw 16 A dU0 6pBal, TO €9’ 1 B Tplywvov, €' i 5€ M iCOOKEAEG. TG PEV
oUv " UTApXEL TO A 814 TO B, T® 8¢ B oUKETL B1' GANO (kaB' auTo yap T
Tpiywvov £xel dlo 0pBAg), ot oUk Eotal pécov Tol A B, ArodelkTol

ovTog.
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Problems and Theorems in Euclid

Conclusion on Euclid

The modern notion of axiomatic theory prima facie does not apply
to the theory of Euclid's Elements
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Problems and Theorems in Euclid

Modal and Existential Interpretation :

It is possible to translate the theory of Euclid's Elements into an
(informal) axiomatic theory in the modern sense of the term
through the Modal or the existential interpretation of Postulates
and Problems. None of these two interpretations is historically
grounded. None of them is innocent : both transform the content
of Euclid’'s mathematics.
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Problems and Theorems in Euclid

Universal Instantiation and Generalization :

VxP(x) = P(a/x)

P(a) = VxP(x)
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Problems and Theorems in Euclid

Kant on geometry

Give a philosopher the concept of a triangle, and let him try to find
out in his way how the sum of its angles might be related to a
right angle. He has nothing but the concept of a figure enclosed by
three straight lines, and in it the concept of equally many angles.
Now he may reflect on this concept as long as he wants, yet he will
never produce anything new. He can analyze and make distinct the
concept of a straight line, or of an angle, or of the number three,
but he will not come upon any other properties that do not already
lie in these concepts.
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Problems and Theorems in Euclid

Kant on geometry (continued)

But now let the geometer take up this question. He begins at once
to construct a triangle. Since he knows that two right angles
together are exactly equal to all of the adjacent angles that can be
drawn at one point on a straight line, he extends one side of his
triangle, and obtains two adjacent angles that together are equal
to two right ones. Now he divides the external one of these angles
by drawing a line parallel to the opposite side of the triangle, and
sees that here there arises an external adjacent angle which is
equal to an internal one, etc. In such a way, through a chain of
inferences that is always guided by intuition, he arrives at a fully
illuminating and a the same time general solution of the question.
(A7167/B7445)
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Modern Axiomatic Method

Grundlagen der Mathematik, 1934

1. Axioms of Connection.

1. (z)(y) Gr(z,z,y).
“z,,y always lie on one straight line.”>*

2. (@) Griz,y,z) — Grly.zz) & Grz,zy) ).
“Whenever z,y, 2 lie on a straight line, then so do y,z,z as well as z, 2, y.”

3. @R Grlry,z) & Grleyu) & z#y —  Gr(z,zu) ).
“For any @, y, 2, u, if z,y are distinct points and z,y, 2z as well as z,y,u lie on
straight lines, then x, z,u lie on a straight line as well.”

Doing and Showing ( Axiomatic Method in Ancient and Model
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Modern Axiomatic Method

Grundlagen der Mathematik, 1934

[. Axioms of Connection.

L (2)(y) Gr(z, z,y).

“x,x,y always lie on one straight line.”
2. (.r)(y)(:)( Gr(x
“Whenever .y, z

3. (@)@ W) ( Gr(r.y,z) & Gr(z,yu) & z#y —  Gr(z,zu)).

“For any z. y. z, u, if x,y are distinct points and z,y,z as well as z,y,u lie on

5.4

—  Gr(y,z,2) & Gr(z,z.y) )

ie on a straight line, then so do y,z, 2 as well as x, z,y.”

straight lines, then z, z,u lie on a straight line as well.”

. (Ez)(Ey)(Ez) Gr

“There are points z, y, z that do not lie on a straight line.”
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Modern Axiomatic Method

Grundlagen der Mathematik, 1934

L Axiom of Parallels.

Since we omit the congruence axioms, we have to take the Axiom of Parallels in its sharper
form: &4

“For every straight line, through every point outside of it, there is one and only
one non-intersecting straight line.”!

To simplify the symbolic formulation, the symbol

Par(z,y;u,v)
will be used as an abbreviation for:

(Ew)( Gr(z,y,w) & Gr(u,v,w) )
“There is no point w that is on a straight line with z and y as well as with u and v

The axiom then reads:

@) (T

Par(z,y; 2,
(E'u){ & (f)r(lpar(r.q

Method in Ancient and Mode!



Modern Axiomatic Method

Grundlagen der Mathematik, 1934

If we consider all the axioms listed here to be consecutively conjoined with &, we obtain
a single formula representing a proposition about the predicates Gr. Zw. This formula
will be designated by
A(Gr, Zw).
Similarly, we can represent any theorem of plane geometry that is only about the
relations of position and order®® as a formula

&(Gr, Zw).
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Modern Axiomatic Method

Grundlagen der Mathematik, 1934

The part of axiomatic geometry we considered so far contains two variable ternary
predicates
R(z,y,z), S(z,y,2)

The system of axioms consists of a requirement on two such predicates, expressed in
the logical formula A(R,S), obtained from A(Gr,Zw) by replacing Gr(z,y,z) with
R(z,y,z), and Zw(z,y,z) with S(z,y,2z). In addition to the variable predicates, this
formula contains the identity relation =y, which is to be interpreted contentually™
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Modern Axiomatic Method

Grundlagen der Mathematik, 1934

According to this view, a sentence of the form &(Gr, Zw) corresponds to a statement of
the following logical content: For arbitrary predicates R(z,y,z), S(z,y,2) satisfving the
condition A(R,S), the relation &(R,S) holds as well, i.e., for any two predicates R(z,y, z),
S(z,y, 2), the formula )

AR, 5) — &(R,S5)
is a true proposition. In this way, a geometrical sentence is transformed into a sentence of
pure predicate logic.
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Euclid and Modern Mathematics

Kolmogorov and Fomin, 1976

[enunciation ]

Any closed subset of a compact space is compact

[exposition ]

Let F be a closed subset of compact space T

[specification : | say that F is a compact space]
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Euclid and Modern Mathematics

Kolmogorov and Fomin, 1976 (continued) :

[construction :]
[Let] {F.,} [be] an arbitrary centered system of closed
subsets of subspace F C T.

[proof :]

[E]very F, is also closed in T, and hence {F,} is a
centered system of closed sets in T. Therefore NF, # 0.
By Theorem 1 it follows that F is compact.

[conclusion : Thus any closed subset of a compact space is
compact. (Which is) the very thing it was required to show.]
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Euclid and Modern Mathematics

ELEMENTS DE LA THEORIE DES ENSEMBLES,
Rédaction 50

ELEMENTS DE LA THEORIE DES
ENSEMBLES.

Rédaction n® 050

Andrei Rodin Doing and Showing ( Axiomatic Method in Ancient and Model



Euclid and Modern Mathematics

Philosophical Statement

First of all let us clarify what we understand under the
name of mathematical theory. A mathematical theory is
a study of one or more categories of elements, of their
properties and relations that unify them, and of
constructions made out of them. Such a study cannot
proceed without assuming a number of mutually
consistent propositions concerning these elements, these
properties, these relations and these constructions. The
purpose of the theory is to deduce from these premises
some other propositions, so that their exactness depends
only on the exacness of the premises but does not require
any further hypothesis.

Axiomatic theory ?

Andrei Rodin Doing and Showing ( Axiomatic Method in Ancient and Model



Euclid and Modern Mathematics

Basic Constructions

In any mathematical theory one begins with a number of
fundamental sets, each of which consists of elements of a
certain type that needs to be considered. Then on the
basis of types that are already known one introduces new
types of elements (for example, the subsets of a set of
elements, pairs of elements) and for each of those new
types of elements one introduces sets of elements of
those types.
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Euclid and Modern Mathematics

Basic Constructions (continued)

So one forms a family of sets constructed from the
fundamental sets. Those constructions are the following :
1) given set A, which is already constructed, take the set
P(A) of the subsets of A;

2) given sets A, B, which are already constructed, take
the cartesian product AxB of these sets.

The sets of objects, which are constructed in this way,
are introduced into a theory step by step when it is
needed. Each proof involves only a finite number of sets.
We call such sets types of the given theory; their infinite
hierarchy constitutes a scale of types.
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Euclid and Modern Mathematics

Structure

On this basis Bourbaki describes the concept of structure as
follows :
We begin with a number of fundamental sets :
A, B, C,...,L that we call base sets. To be given a
structure on this base amounts to this :
1) be given properties of elements of these sets; 2) be
given relations between elements of these sets; 3) be
given a number of types making part of the scale of types
constructed on this base; 4) be given relations between
elements of certain types constructed on this base; 5)
assume as true a number of mutually consistent
propositions about these properties and these relations.
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Euclid and Modern Mathematics

(Informal) Bourbaki and Euclid

Principles of building mathematical theory described in the
Bourbaki's draft are not so different from Euclid’s (in spite of the
above statement). These principles adequately describe what is
done in a large part of research mathematics of the 20th century.
Like Euclid Bourbaki begins his exposition with principles of
building mathematical objects but not with certain propositions
about some abstract entities assumed as axioms. Propositions
appear only in the very end (the 5th item of the above quote), and
even it is usual to call them “axioms” (like in the case of axioms of
group theory') it is clear that they are rather analogous to Euclid’s
definitions.
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Euclid and Modern Mathematics

(Informal) Bourbaki and Euclid (continued)

While for Euclid the basic data is a finite family of points
(everything else is constructed through Postulates) for Bourbaki
the basic data is a finite family of sets and everything else is
constructed as just described. While for Euclid the basic type of
geometrical object is a figure for Bourbaki the basic type of
mathematical object is a structure. In both cases the constructed
objects come with certain propositions that can be asserted about
these objects without proofs because they immediately follow from
corresponding definitions. In both cases the construction of objects
is a subject of certain rules but not the matter of a mere
stipulation.
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Euclid and Modern Mathematics

HOWEVER ALL OF THAT REMAINS “UNOFFICIAL" !
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Euclid and Modern Mathematics

The Published “Official” Version

The first chapter of the treatise, which has the title Description of
Formal Mathematics, begins with an account of signs and
assemblies (strings) of signs provided with a definition of
mathematical theory according to which such a theory

.. contains rules which allow us to assert that certain
assemblies of signs are terms or relations of the theory,
and other rules which allow us to assert that certain
assemblies are theorems of the theory.
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Euclid and Modern Mathematics

The Published "Official” Version (continued)

In the published formalized version the set-theoretic constructions
are replaced by syntactic constructions that formally prove the
existence of certain sets. Basic objects of the formalized set theory
are no longer sets and and structures but symbolic expressions that
can be interpreted as propositions about sets and structures.
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Euclid and Modern Mathematics

Conclusion on Bourbaki

What makes the major difference between the formal and the
informal versions of Bourbaki's set theory is the character of its
objects; otherwise the two theories proceed similarly. Both follow
Euclid’'s pattern. What remains unclear is this : In which sense if
any the formal set theory tells us something about sets and further
set-theoretic constructions. Prima facie it only tells us something
about ways of talking about sets and set-theoretic constructions. It
may only work if the St. John's Dogma is true. | shall now show
that as far as mathematics is concerned this Dogma is false.
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Formalization and Symbolization

A comparison with the Symbolic Algebra

MacLaurin, A Treatise of fluxions :

The improvement that have been made by it [the
doctrine of fluxions] ... are in a great measure owing to a
facility, conciseness, and great extend of the method of
computation, or algebraic part. It is for the sake of these
advantages that so many symbols are employed in
algebra. ... It [algebra] may have been employed to cover,
under a complication of symbols, obstruse doctrines, that
could not bear the light so well in a plain geometrical
form; but, without doubt, obscurity may be avoided in
this art as well as in geometry, by defining clearly the
import and use of the symbols, and proceeding with care
afterwards.
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Formalization and Symbolization

Formalization (in the modern sense of the term) is supposed to
play the same epistemic role as the symbolic algebraization as
MacLaurin describes it : to make clear some “obstruse doctrines”
through determining the “use of the symbols". There is however
an essential difference between the two approaches. While
algebraic symbolic constructions mimic the constructions of
mathematical objects referred to by the corresponding symbols the
symbolic constructions of modern formal theories mimic informal
descriptions of certain objects but not the construction of these
objects themselves ! While the symbolic algebra represents forms of
human constructive activities, and for this reason may guide
human actions in the real material world, the formal mathematics
reflects only logical forms of the pure speculative thought.
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Formalization and Symbolization

Speculative Thought and Modern (Galilean) Science

But the modern Galilean science requires an active intervention of
humans into the nature rather than a passive observation of and
speculation on natural phenomena. This is why the modern science
turns to be so helpful for technology. This is why the formal
mathematics is useless in the modern experimental science and
technology (with the possible exception of the software engineering
that does not deal with the hardware development).
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Formalization and Symbolization

St. John's Dogma (Lawvere)

The problem of the formal mathematics is that it takes the logical
form to be fundamental. This dogma is incompatible with the
Galilean science, which requires doing (experiments) rather than
just proving (certain propositions on the basis on some plausible

hypotheses).
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Mathematical Constructivism

Constructivism

The constructivist thinking in mathematics from the very
beginning of the 20th century took a conservative bend and began
a fight against then-new ways of mathematical thinking including
the set-theoretic thinking. This tendency can be traced back to
Kronecker who required every well-formed mathematical object to
be constructible from natural numbers. More recently Bishop was
inspired by similar ideas (and in particular by Kronecker's works).
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Mathematical Constructivism

Constructivism (continued)

Brouwer's intuitionism (which qualifies as a form of
constructivism) also put rather severe restrictions on his
contemporary mathematics as well as on essential parts of earlier
established mathematical results. Even those constructivists who
like Markov tried to develop constructive mathematics as a special
part of mathematics rather than reform mathematics as a whole
understood the notion of mathematical construction very
restrictively and almost exclusively in computational terms.
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Mathematical Constructivism

Axiomatic Method

| claim that the general issue of the constructive thinking in
mathematics concerns the very method of theory-building (the
axiomatic method) rather than some particular principles like the
principle of the excluded middle, etc. The modern axiomatic
method is non-constructive by its very design because it doesn't
require to provide rules of construction of mathematical objects
(except formulae). What makes a system of postulates coherent?
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Mathematical Constructivism

Axiomatic Method (continued)

A genuinely constructive method of theory-building needs
non-propositional principles similar to Euclid’s Postulates and
algebraic rules, which allow for building of and operating with
objects and not only with formal expressions telling us something
about these objects. Such a general method must not specify the
postulates just like the standard axiomatic method does not specify
axioms. Following Hilbert one should rather focus on questions
concerning the mutual compatibility of postulates and the like.
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Mathematical Constructivism

Open Problems

What makes a system of postulates coherent ? What is an
appropriate analogue of the logical consistency for postulates?
What is an appropriate notion of dependency for postulates ? (Cf.
the constructive type theory with dependent types.)
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Mathematical Constructivism

THE END
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