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TEUpETI/IKD—MDFI,EI'IbHaﬂ CeMaHTukKa BblBOAOB

Noruyeckoe (cemanTuyeckoe) cneacrane (Tapcknii 1936)

Dopmyna ¢ nornyeckn cnefyet us coBokynHoctu copmyn T,
B cumBonax T = ¢,

ecnn BCsikasi Mogenb T SIBASIETCS TakxKe Mogenbto ¢ (To ecTb ¢
NCTUHHA BO BCsikoii mogenu T)
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TEUpETI/IKD—MDFI,EI'IbHaﬂ CeMaHTukKa BblBOAOB

3ameyanne 1

CemaHTU4eCKOe OTHOLLEHIE JIOFNYECKOTO CefoBannst T = ¢
HY>KHO OT/IM4aTb OT CUHTAKCUYECKOrO OTHOLLEHNS BbIBOAUMOCTM

TF ¢
TeopeTnko-MoaeNnbHasi CEMaHTKA BbIBOAA KJ1aCCUYECKON NOTMKM

NpeAnKaToB U APYrUX CTAHAAPTHbLIX JIOTMYECKUX UCHUCAEHN
KOPPEKTHA B TOM CMbICnie, 4To T b ¢ Bneyet 3a coboin T = ¢.
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3ameyanne 1

OpgHako cornacHo 1ii Teopeme legensi o HenonHoTe hopManbHON
apudMETUKI, HUKAKash KOHEYHAsi COBOKYMHOCTL chopmyn T
cofepxxalliasi akCUoMbl apuMeTMKN He MoxeT obecneunts T F ¢
anst noboii hopmysnbl ¢, Ansi koTopoii umeet mecto T | .

Taknm 0b6pa3om OTHOLLEHWNE CUHTAKCUYECKON BbIBOAUMOCTH
MOXET [aBaTb KOPPEKTHOE, HO B BOSILLUMHCTBE MHTEPECHBIX
CNy4YaeB HEMoJIHOE CUMBOJIbHOE MPeACTaB/eHNe OTHOLIEHNS
JIOTUHECKOrO CNEACTBUS =.
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TEUpETI/IKD—MDFI,EI'IbHaﬂ CeMaHTukKa BblBOAOB

3ameyaHne 2

Mpegnonaraetcsi, yto B chopmynax T, ¢ pa3nnyaloTCs JJOrnyeckue
KOHCTaHTbl N KCTPa-JIOrMYECKNE KOHCTAHTbI U NEPEMEHHBIE.
Mogenb chopmynbl U3 ¢ - 3TO Takoe NPUNUCbIBaHWE 3HAYeHW
SKCTPa-/IOrMYECKUM CUMBOJIAM 3TOR hopMyibl, KOTOPOE
NpeBpaLLaeT ee B MCTUHHOE BbICKa3bIBaHME. 3HAYEHUS IOrMHECKIX
KOHCTAHT MpU TakoM MOAXOAe NpPeanosiaratoTcst (PUKCMPOBaHHLIMM
3apaHee (opmanbHO 1 HepOPManbHO).
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3ameyarue 3

Wilfried Hodge cunTaet BblpaxeHue “‘“TeopeTuko-moaensHas
CEMaHTMKa JIOMNYecKoro BbiBoga (KOTOPOE LIMPOKO MCMOJb3yeTcs
KPUTUKaMU 3TOrO MOAXOAA, O KOTOPbIX MORAET pedb Aanblue)
HEKOPPEKTHBLIM WJIN MO KpaliHeli Mepe HETOYHLIM, MOCKOJIbKY
Anbdpesn Tapckuii npegnoxun ero HE ans obbscHeHns 3HaveHust
JIOTMYECKOrO BbIBOAA, a AJISt TOJILKO AJISt OMMCAHMSI UCTUHHOCTHbIX
ycnoBuii BoiBoga (CoxpaHeHne ucTuHHocT npm Bbisoge). OgHako B
LWNPOKOV MEAarornyeckoli NpakTUKe 3HaYeHNe NpaBu BbIBOAA
0bbIYHO 0OBACHAETCS UMEHHO C MOMOLLBIO OTHOLLIEHNS
CEMAHTUYECKOrO CIEACTBUSI.
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TEOPETM KO-AoOKa3aTesnibHas CeMaHTuka BblBOOOB

Teopusi jokasaTenbCcTB

Beweistheorie : Hilbert & Bernays 1939

[lokazaTenbCTBO Kak CMHTaKCUYecKuii obbekT. Teopus
[0Ka3aTesIbCTB: U3YYeHNEe Taknx OObEKTOB MaTeMaTUYECKNMU
cpeacTBamMu (B HaCTHOCTM AJsi PELUEHUST BOMPOCA O
HenpoOTMBOPEYMBOCTY AaHHOI Teopun). B aTom cmbicie Teopus
[OKa3aTeNbCTB - 3TO TEOPUS CUHTaKCMUCA.
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TEOPETM KO-AoOKa3aTesnibHas CeMaHTuka BblBOOOB

Obuias Teopus mokasaTesnscTs [pasuua

Dag Prawitz (since 1970s): Teopusi fOKa3aTeNbCTB B CMbIC/E
Mnbbepra-bepHaiica 3apaHee npeanonaraet oTBET Ha BOMPOC O
TOM, 4TO TaKOe [OKA3aTENbLCTBO HE MOJb3YSICh MPU STOM HUKAKOIA
3MNNCTEMONOTMYECKOl aprymeHTaymeii. PopmanbHbie
(cuHTaKcMyeckne) BbIBOAL! AEACTBUTENLHO MOTYT MpK
ONpefesieHHbIX YCIOBUSIX UrpaTh POJib [OKA3ATENbCTB, HO
BbISICHUTb 3TN YC/IOBUS MOXET TOJIbKO bosiee obuiast Teopusi.
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Obuias Teopus mokasaTesnscTs [pasuua

Bynem cuntath BCnea 3a [mnbbeptom n Bephaiicom, yto
[0Ka3aTeIbCTBO 3TO NOC/EA0BATENLHOCTL hopMyn, KoTopast
NoJy4aeTcst B pesy/bTaTe NPUMEHEHUsI NpaBua n3 UKCUPOBAHHOIO
cnucka. Torga npasuia OnNpeaensitoT 3/eMeHTapHbIe LWaru
[lOKa3aTeNbCTBa. aKne 3/eMEHTapHbIE Warn AO/KHbI bbITb
3MMCTEMNYECKN NPo3padHbl. Ho TeopeTnko-mogenbHash ceMaHTuKa
BbIBOZA HE MO3BOJISIET Pa3/NyaTh SMUCTEMUYECKN NPO3PadHbIE 1
3NUCTEMNYECKU TEMHbIE npaBua. [losTomy npaeuna BbiBOAA
TpebyeT apyroii ceMaHTWKK, KOTOpPasi PELaeT 3TOT BOMNPOC.
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TEOPETM KO-AoOKa3aTesnibHas CeMaHTuka BblBOOOB

Teopetuko-gokasaTensbHas cemantuka (TAC)

Peter Schroeder-Heister : 1991

contradictio in adjecto?
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Ncropuyeckne nctounukn TAC (208.)

> Gentzen : BBe€HUE NOMMHYECKMX KOHCTAHT Kak Mpoueaypa,
KOTOpasi NpUAaeT UM 3HAYeHue

» BHK: Brouwer, Heyting, Konmoropos; obbsicHeHne 3HayeHus:
“YTO HY>KHO 3HaTb, 4TObLI 3HaTL A — B n 1.4."

» Wittgenstein: meaning as use, truth-makers
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MaTtemaTuyeckue peanusayum BHK

» Heyting 1930-1934: chopmannzaumst MHTYNLUOHNCTCKON
JIOTVKIN BbICKa3bIBaHMIi

> Konmoropos 1932: ncumcneHue 3agay

» CemaHTunka peannsyemoctn KinHu

> Vcuncnenue koHcTpykuuii Kpaiisens un ['yamaHa
> [unanekTunyeckas nHtepnpetauus egens

» KoHcTpykTueHasi Teopusi Tunos MaptuHa-Jleda
> [TT
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MLTT: Syntax

>

4 basic forms of judgement:
(i) A: TYPE;

(i) A=1ype B;

(iii) a: A;

(iv) a=a d

v

Context : I - judgement (of one of the above forms)

v

no axioms (!)

v

rules for contextual judgements; Ex.: dependent product :
IfIx: XFA(x): TYPE, then T F (Mx : X)A(x) : TYPE
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MLTT: Semantics of t : T (Martin-Lof 1983)

> tis an element of set T

» tis a proof (construction) of proposition T
(“propositions-as-types")

» tis a method of fulfilling (realizing) the intention
(expectation) T

> t is a method of solving the problem (doing the task) T

(BHK-style semantics)
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HoTT: the ldea

Types in MLTT are (informally!) modeled by spaces (up to
homotopy equivalence) in Homotopy theory, or equivalently, by
higher-dimensional groupoids in Category theory (in which case one
thinks of n-groupoids as higher homotopy groupoids of an
appropriate topological space).

ObpaTnTe BHUMaHNE HA BHEIOMMHECKYHO UHTEPNPETALNIO
JIOTMYECKOrO NoHATUs Toxgectsal B akcnomatuuecknx teopusix B
ctune [mnbbepTa pasnnyeHne NOrMHECKNX N BHENOTNYECKIX
CUMBOJIOB XXECTKO (DNKCMPOBAHO 3apaHee 1 MHTEpRpeTaLnn
NOANEXAT TO/ILKO BHENOMMYECKNE CUMBOJIbI: CP. MOHSTUE
curHaTypsl y Bypbaku!

Anppen Pogun TeopeTuko-mopenbHasi U TEOPETUKO-A0Ka3aTe/IbHask CEMaHT



TEOPETM KO-AoOKa3aTesnibHas CeMaHTuka BblBOOOB

Homotopical interpretation of Intensional MLTT

> x,y: A
X,y are points in space A

» X,y ix=ay
x',y' are paths between points x, y; x =4 y is the space of all
such paths

> X”,y” : X/ :X:Ay y/
x",y" are homotopies between paths x’, y’; x' =.—,, v is the
space of all such homotopies
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Point

Definition

Space S is called contractible or space of h-level (-2) when there is
point p : S connected by a path with each point x : A in such a
way that all these paths are homotopic (i.e., there exists a
homotopy between any two such paths).
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Homotopy Levels

Definition

We say that S is a space of h-level n+ 1 if for all its points x,y
path spaces x =g y are of h-level n.

Anppen Pogun TeopeTuko-mopenbHasi U TEOPETUKO-A0Ka3aTe/IbHask CEMaHT



TEOPETM KO-AoOKa3aTesnibHas CeMaHTuka BblBOOOB

Cummulative Hierarchy of Homotopy Types

» -2-type: single point pt;

» -1-type: the empty space () and the point pt: truth-values aka
(mere) propositions

» O-type: sets: points in space with no (non-trivial) paths

» 1-type: flat groupoids: points and paths in space with no

(non-trivial) homotopies

» 2-type: 2-groupoids: points and paths and homotopies of paths
in space with no (non-trivial) 2-homotopies
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TEOPETIII KO-AoOKa3aTesnibHas CeMaHTuka BblBOOOB

Propositions-as-Some-Types !
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Which types are propositions?

Def.: Type P is a mere proposition if x,y : P implies x = y
(definitionally).
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Truncation

Each type is transformed into a (mere) proposition when one ceases
to distinguish between its terms, i.e., truncates its higher-order
homotopical structure.

Interpretation: Truncation reduces the higher-order structure to a
single element, which is truth-value: for any non-empty type this
value is true and for an empty type it is false.

The reduced structure is the structure of proofs of the
corresponding proposition.

To treat a type as a proposition is to ask whether or not this type is
instantiated without asking for more.
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TEOPETIII KO-AoOKa3aTesnibHas CeMaHTuka BblBOOOB

» Thus in HoTT “merely logical” rules (i.e. rules for handling
propositions) are instances of more general formal rules, which
equally apply to non-propositional types.

» These general rules work as rules of building models of the
given theory from certain basic elements which interpret
primitive terms (= basic types) of this given theory.

» Thus HoTT qualify as constructive theory in the sense that
besides of propositions it comprises non-propositional objects
(on equal footing with propositions rather than “packed into”
propositions as usual!) and formal rules for managing such
objects (in particular, for constructing new objects from given
ones). In fact, HoTT comprises rules with apply both to
propositional and non-propositional types.
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Mopenu ans npasun

Nutepnpetauyus npasun: TMC unn TAC?

We shall say that interpretation m is a model of rule R

m Am
1 900y n
MU &)

when the following holds: whenever A", ..., A" are true
statements B™ is also true statement.
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Mopenu ans npasun

npobnemsl

> mogenb n/unn obbsicHeHne 3HaueHns?
> 3KCTPa-IOrMYECKNE MPUMEHEHNA NPaBU;

> NHTEPNPETaUNA JTOrMHECKNX KOHCTAHT
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Mopenu ans npasun

Models of HoTT after Voevodsky

(1) Construct a general model of given type theory T (MLTT or its
variant) as a category C with additional structures which model
T-rules. For that purpose the authors use the notion of contextual
category due to Cartmell 1978; in later works Voevodsky uses a
modified version of this concept named by the author a C-system.
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Mopenu ans npasun

Models of HoTT after Voevodsky

(2) Construct a particular contextual category (variant: a
C-system) C(T) of syntactic character, which is called term model.
Objects of C(T) are MLT T-contexts, i.e., expressions of form

[x1 1 A1, %0 Ap]

taken up to the definitional equality and the renaming of free
variables and its morphisms are substitutions (of the contexts into
T-rule schemata) also identified up to the definitional equality and
the renaming of variables). More precisely, morphisms of C(T) are
of form
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Models of HoTT after Voevodsky

fofxa: A ...xn:Apl—= Bl oy Ym : Bm)

where f is represented by a sequent of terms f1, ..., f;, such that
x1: AL, ... Xn ApE L By

X1 AL Xn A i Bo(f, oy )
Thus morphisms of C(T) represent derivations in T.
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Mopenu ans npasun

Models of HoTT after Voevodsky

» Define an appropriate notion of morphism between contextual
categories (C-systems) and form category CTXT of such
categories.

» Show that C(T) is initial in CTXT, that is, that for any object
C of CTXT there is precisely one morphism (functor) of form
C(T)—C.

The last item is the Initiality Conjecture that presently stands
open.
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Peanuam ¢akTopoB ucTuHbI

KJ1IAaCCUHECKAA VS. KOHCTPYKTUBHAA JIOTUKA: PEAJZIN3M U

aHTU-peann3m

> NCTNHA KaK COOTBETCTBUE MOJIOXKEHUIO Beu.|,e|7| (T—cxema) VS.
NCTUHA KaK CyLWeCTBOBaHNE NOKa3aTE/IbCTBA

> [0Ka3aTe/IbCTBO KaK (POPMasibHbIA BBIBOA M3 aKCUOM VS.
[0Ka3aTebCTBO KakK 3hdheKTUBHO NpeabsaBasieMoe
CBUAETENBLCTBO

» snuctemonoruyeckas pedekcusi P — P vs. ko-pedpnekcus
P —0OP
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Peanuam ¢akTopoB ucTuHbI

BosmoxHa v peannctudeckast untepnpetauyus TAC?

Ha, ecnu

> MOHUMATb UCTNHY KOHCTPYKTUBHO KaK CyLlEeCTBOBaHUE
AOKa3aTeEJIbCTBA

> HO Npu 3TOM AyMaTb O CYLLECTBOBAaHUWN [OKa3aTeNbCTB
PEasINCTUYECKU KaK O CyLLeCTBOBaHUN (haKTOPOB NCTUHBLI.
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Peanuam ¢akTopoB ucTuHbI

BosmoxHbIli BapnaHT dhopMaTta asist pakTOpOB NCTUHbI:
nonoxxexune sewwein (ButrenwTeiin)

B TakoMm cdhopmaTe KOHCTPYKTUBHOE MOHSTME NCTUHbBI KakK
CYLLECTBOBAHMS [OKa3aTeNbCTBA COBMECTUMO C MOHSTUEM WUCTUHBI
KaK COOTBETCTBUSI MOJIOKEHMIO Beleli: KOHCTPYKTUBHbII
(3MMCTEMNYECKN HArpyXKeHHBbIIA) peanu3m.

Teopusi 3Ha4eHNs1 OCTAETCS MOJIHOCTBIO KOHCTPYKTUBHOI (3HadeHne
KaK MCMosb30BaHne). 3HaHNE 3HA4YEHUS NPeaIoKeHnst Tpebyet
3HaHUS YCJIOBUIA €ro UCTUHHOCTMW, HO He TpebyeT nMpoBepKy 3Tux
yCOBUiA.
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Peanuam ¢akTopoB ucTuHbI

OHTONOrMM 1 3NUCTEMOSIOTNIN CTOAT UK nafaktoT BMECTE.

TpaanLMOHHbIN B3rsih HA SMNCTEMOJIOTMIO KAaK Ha HAACTPOIAKY Haj
oHTonorueit (Apucrtorens, Ppere) owwmboder.
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Peanuam ¢akTopoB ucTuHbI

CMNACKBO!
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