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> TpI/I)Kp,bI NCKNHKOYEH N3 WKONbI,

» 1989: uckntouveH ns MIY 3a HeycneBaemocTb nocne 4-ro

Kypca;
1990: coBmecTHast cTaTba ¢ Muxaunom KanpaHoBbiM
MoTuBMpoBaHHas “Dckuzom [Nporpammbl” [potenguka (1984)
“oo-rpynnongbl Kak MOAeNb AJ1si FOMOTOMMYECKOR KaTeropun';
onybnukosana B YMH (Bcero Ha koney 1990 roga y B.B. yxe
onybankoBaHo 7 cTaTeli B HayYHbIX XXypHanax.);

1990: 6narogapst nomowm Muxanna Kanpavosa u [asuga
KaxgaHa B.B. 3auucnen B acnupantypy [apBapackoro
yHuBepcuTeTa be3 noaaymn 3asBieHNst U MPOXOXKAEHUS
dopmansHoro otbopa;

1992: 3awmTa gncceptauun (Ph.D.) B Mapeapge paHblue
0bbI4YHOro cpoka 1 6e3 nocelleHns 3aHATU;



Roggert Dijkgraaf quoting Albert Einstein

“ObpaszoBaHune 3TO efMHCTBEHHOE, YTO OTBJIEKAJIO MEHSI OT y4ebbl.”



» 1995: pokasaTenbcTBo runotessl Muntopa (nepsbiii
NPenpuHT);

» 2003: Carlos Simpson (JlabopaTtopusi JbenotHe B
yHusepcutete Huuubl) nybamkyet npenpuHT, B KOTOPOM
YTBEPXKJAET, YTO OH HALUeN KOHTP-MpUMEP AJ1si OCHOBHOIA
Teopembl Boesogckoro n Kanpanosa. Boesoackuii yeepeH B
CBOEM [0Ka3aTeNbCTBE U UrHopupyet 3ToT npenpuHTt. CTaThs
CumncoHa He nybnukyetcs: coobluecTBo Nogo3peBaeT ownbky
B KOHTPMpUMEpE.

» 2002: Meganb Punpaca 3a fOKa3aTENbCTBO MMMNOTE3bI
MwunHopa 1 nonydeHne nocTosiHHol nosuuun B Institute of
Advanced Studies, Princeton. NpogonxeHne paboTel B
MOTUBHOI Teopun romoTonuii npumepHo go 2010 r.



2003: Jlekums 8 Wuhan University (Kuraii): What is most
important for mathematics in the near future?. :

» Computerized version of Bourbaki;
» Connecting pure and applied mathematics.

2003: Jlekumsi B Bangalore (India): Mathematics and the
Outside World;

2006: NnarypauuorHas nekuus B IAS: Foundations of
Mathematics and Homotopy Theory;

2006: A Very Short Note on Homotopy A-Calculus;

» 2010: Jlekums na 80-netHem tobunee |IAS: What if the current

foundations of mathematics are inconsistent?:

2011 - 2013: Joknagbl o YHueaneHnTHoix OcHOBaHMAX B
yHusepcutetax Amepuku, Esponsl n Asuu;

2013: OpraHusauus 601bLWON KOANEKTUBHOR NPOrpaMmMbl B
IAS no romoTonuyeckoii Teopum TUNOB U YHUBANEHTHBIM
ocHoBaHuaM. PesynbTaT: the HoTT Book. Bnocneactsuun B.B.
npocuT ybpaTb CBOE MMS M3 CMUCKA aBTOPOB.



2013: B.B. obHapyxuBaeT HenonpasumMyto olmbKy B CBOE(
coBMecTHoli cTaTbe ¢ Kanpanosbim 1990-ro ropa:
okasblgaeTcst, yto Cumncon B 1998 6610 npas!

2014: BepHaiicosckune nekuun 8 ETH Zurich: Foundations of
mathematics - their past, present and future.

2016: MNpurnaweHHas nekuus Ha 7-m Esponeiickom
MaTemaTuyeckom koHrpecce: UniMath - a library of
mathematics formalized in the univalent style.

MnaHupyemas, HO OTMeHeHHast nybankauus B byayluei
konnekTueHol moHorpadumn Reflections on the Foundations of
Mathematics (Springer 2018).

2017: npurnaweHHblii goknag Ha Jlornyeckom Konnokesuyme c
Crokronbme.



3a4eM Hy)KHa KOMMbIOTEPHAA MPOBEPKA [0KA3aTebCTE?!

HelHew s cnTyauns, npyu KOTOPO KOPPEKTHOCTb AOKA3aTENLCTB
MOXeT BbITb B Jly4LIEM NPOBEPEHA HECKONLKMMU KChepTamu,
TOrAa Kak BCe OCTaJibHOE Hay4YHOEe COODLUECTBO U WMpoKas nybnnka
BbIHY>K/JEHbI ONMUPATLCA Ha aBTOPUTET STUX IKCMEPTOB , SBNSETCS
HeTepnumoii. CpaBHM CiyHan HefaBHO foKa3aHHbIX (7) Teopem
Myankape, @epma nnu otkpeiTyto ABC-runotesy. Takas
3KCNepTN3a He MOXET DbiTb N AECTBUTENLHO HE SIBAAETCS
HagexHoili (cp. cny4yaii Boesogckoro-KanpaHosa-CrumncoHa).

Mpu NogobHOM NONOXKEHUM Belleli MaTeMaTNKa TEPSIET CBOIA

0O BEKTUBHBIN XapaKTep N BbIPOXKAAETCS B 330TEPUYECKYIO
JOKTPUHY, KOTOpasi KOHKYPUPYET HA MeAMnapblHKE C MHOXXECTBOM
APYrUX NOAOBHBIX LOKTPUH, BKIIOYAsS PENNTMO3HbIE JOKTPUHbI.



3a4eM Hy)KHa KOMMbIOTEPHAA MPOBEPKA [0KA3aTebCTE?!

XoTsi NOHsITUE aBTOPUTETA UIPaeT B HAy4HOM COODLLecTBe
HEKOTOPYIO POJib, HAYYHOE 3HAHWE HE OCHOBAHO Ha MHEHUU
asToputetoB (‘ngonsl Teatpa’ y BakoHa), a BkatovaeT gpyrue
npoueaypbl 060CHOBaHUS, KOTOPbLIE JOJKHbI ObITh B KaKOA-TO
chopme focTynHbI t0bOMY HenoBeky n ntobomy Apyromy
MbICSILLEEMY CYLLECTBY.

Mpobnema 0bBbEKTUBHOrO 0BOCHOBAHUSI COBPEMEHHOIO
MaTEMATNHECKOIo 3HAHNA — NMEET KaK NparMaTn4eckmne n
TEXHNYECKNE, TAK N IMNCTEMONIONNHECKOE N COoLMaANIbHOE
N3MepeHus.



KomnbtoTepHas mpoBepka peliaeT npobnemy B ee
NMPaKTUYeCKOM acnekTe, ecau

> ﬂ'OKa3aTeﬂbCTBa NNWYTCA B BUAE KOMMBbOTEPHOIo KoAda,
npu4eM cCofepXXaHne 3Toro Kofa OCTaeTcA NOHSATUAHO
Npo3payHbIM OJ1IA TOro, KTO €ro nnLUIeET.

> Kop achpekTrBEH C BbIMNCANTENBHON TOUKM 3PEHUS I MOXET
ObITb BBINOJIHEH C NCMOJIb30BAHMEM PECYPCOB CYLLLECTBYIOLLMX
KOMMbIOTEPOB 33 HebosbLoe (N0 ODbIYHBIM HenoBEHECKUM
MepKam) Bpemsi.

> KomnbloTepHas TEXHONOrMsA SBASIETCS SMNCTEMUYECKM
NPO3payYHOli: NONb30BATENN MOHUMAIOT MPUHLMMBLI PaboThI

KOMMNbIOTEPA M CNOCODHBLI NPaBUIbHO OLEHMBATL BEPOSTHOCTb
owmnbkn.



Boesopackuii 2006 IAS Lecture

“Ideally, a paper submitted to a journal should contain text for
human readers integrated with references to formalized proofs of all
the results. Before being send to a referee the publisher runs all
these proofs through a proof checker which verifies their validity.
What remains for a referee is to check that the paper is interesting
and that the formalizations of the statements correspond to their
intended meaning.”



cTopust naen:

» [lekapT: cumBonnyeckas anrebpa v aHannTnyeckas
reoMeTpusi;

> JleiibHuL: reoMeTpryecKas xapakTepucTuka;

> [unbbepT : dbopmanbHbIA aKCMOMaTUYECKNIA METOL KaK
“MHCTPYMEHT HeobxoanMblli Ans nboro nccnegoeaHmst’”



Kakne pe3ynbTaTbl Ha CErOAHSILUHUNA AeHb:

NcknrounTtensHo MeTa-MaTeMaTUYECKNE BKKOYAs!, HaNpuMep,
N3BECTHbIE TeOpeMbl [€Aens 0 CEMaHTNYECKOR HEMONHOTE
opManbHbIX Teopuii apudMeTuKM.

DTN pesynbTaThl HE UMEKOT HUKAKOM NPAMOIA CBA3N C 3agaqei
cbopManmzaLmm MaTEMaTUYECKNX PACCY>KAEHNS C LEbIO UX
cdopmanbHOii hopMasibHO MPOBEPKH.



[Moyemy dpopmanbHasi MpoBepKa A0Ka3aTeNbCTB elle He
CTana obLleli NPaKTUKOIA:

HEALEKBATHAA ®OPMAJTN3ALNA MATEMATUKN



[1pobaembl TEOPETUKO-MHOXXECTBEHHOW POPMannN3aLnu:

» He mHBapuaHTHa No OTHOLWIEHUIO K n30MopdrsMam un
5KBMBAJIEHTHOCTSIM BbICLUMX MOPsiAKOB (npobiema
Benauepadda);

» OToXxAaecTBNeHNE A0KA3aTeNbCTBA € hOPMasibHBIM BbIBOAOM
npn oTcyTCTBUN (POPMASIBHOIO Pa3INYEHNst MEXaY
AOKa3aTebHbIMU 1 Be3a0Ka3aTebHBIMU AeAYKLMSAMM
(Prawitz, Martin-L&f);

» DopmansHbliii BeiBog B ZFC He peannsyetca B dopme
aNrOPUTMUYECKON (BbINUCAUTENBHON) NpoLeaypbl
HENOCPEACTBEHHO.



[pyHUMN n30MOPU3M-UHBAPNAHTHOCTH :

[ns nmoboro yteepxaeHus P ob obvekte X u nroboro
nsomopcusma X = X’ cywecrtsyer yteepxaeHune P’ ob obbekTe
X' Takoe 4To P/ nCTUHHO TOrAa u TONBLKO TOrga, KOrAa UCTUHHO
yTBepXaeHue P.



Hapyuierne nsomopdpunamM-nHBapmaHTHOCTY Npw
ZFC-koanpoBke:

where
» icN;
> i eZ

B ZFC uenbie yncna kogupyroTcs napamy HaTypasbHbIX YUCEN.
MoaTomy aBe Bepcun hopmynbl Ansi CyMMbl nporpeccum (ans
HaTYPasbHBIX 1 LieSIbIX HICEN) IOTUHECKN HE SKBUBAJIEHTHBI.



Pewenne: koMbHaums cnes. 3N1eMeHTOB

> Teopusi FOMOTONWIA;
» Teopust oo-rpynnongos ([poreHank);
> KOHCTpYKTuBHasi Teopusi Tunoe MaptuHa-Jlepa (MLTT);

» peanusytowmii MLTT npysep COQ (after Thierry Coquand).

+ lMpuHynn YHuBaneHTHOCTHU.



MLTT: Syntax

» 4 basic forms of judgement:

(i) A: TYPE;

(i) A=1vPe B;

(iii) a: A;

(iv) a=ad
» Context : I - judgement (of one of the above forms)
» no axioms (!)

» rules for contextual judgements; Ex.: dependent product :
IfMx: XFA(x): TYPE, then T F (Mx : X)A(x) : TYPE



MLTT: Semantics of t : T (Martin-Lof 1983)

> tis an element of set T

> tis a proof (construction) of proposition T
(“propositions-as-types")

> t is a method of fulfilling (realizing) the intention
(expectation) T

> t is a method of solving the problem (doing the task) T
(BHK-style semantics)



Sets and Propositions Are the Same

If we take seriously the idea that a proposition is defined by lying
down how its canonical proofs are formed [...] and accept that a
set is defined by prescribing how its canonical elements are formed,
then it is clear that it would only lead to an unnecessary duplication
to keep the notions of proposition and set [...] apart. Instead we
simply identify them, that is, treat them as one and the same
notion. (Martin-L&f 1983)



MLTT: Definitional aka judgmental equality/identity

x,y : A (in words: x,y are of type A)

x =4y (in words: x is y by definition)



MLTT: Propositional equality/identity

p:x=ay (in words: x,y are (propositionally) equal as this is
evidenced by proof p)



Definitional eq. entails Propositional eq.

X=AY
pix=ay

where p =,_,, refl is built canonically



Equality Reflection Rule (ER)



ER is not a theorem in the (intensional) MLTT (Streicher 1993).



Extension and Intension in MLTT

» MLTT + ER is called extensional MLTT

» MLTT w/out ER is called intensional
(notice that according to this definition intensionality is a
negative property!)



Higher Identity Types

oy —
> XL,y I X=AY

7 " /
> XL YT iX =y Y



HoTT: the Idea

Types in MLTT are (informally!) modeled by spaces (up to
homotopy equivalence) in Homotopy theory, or equivalently, by
higher-dimensional groupoids in Category theory (in which case one
thinks of n-groupoids as higher homotopy groupoids of an
appropriate topological space).

ObpaTuTe BHUMaHNE Ha BHEIOrMYECKYIO NHTEPMPETALNIO
NIOTUYECKOro noHsTus Toxaecteal B akcmomatuyeckux teopusix B
ctune MmnbbepTa pasnnyeHne NOrMYECKNX N BHENOTNYECKIX
CMBOJIOB XKECTKO (PUKCMPOBAHO 3apaHee 1 MHTepnpeTaunn
NOANEXAT TO/ILKO BHENOTMYECKNE CUMBOJIbI: CP. MOHSTUE
curHatypel y bypbaku!



Homotopical interpretation of Intensional MLTT

> x,y: A
X,y are points in space A

> X,y ix=ay
x',y" are paths between points x, y; x =, y is the space of all
such paths

> X//,_y” : X/ :X:Ay y/
x",y" are homotopies between paths x’,y’; x' =.—,, v is the
space of all such homotopies



Point

Definition

Space S is called contractible or space of h-level (-2) when there is
point p : S connected by a path with each point x : A in such a
way that all these paths are homotopic (i.e., there exists a
homotopy between any two such paths).



Homotopy Levels

Definition

We say that S is a space of h-level n + 1 if for all its points x,y
path spaces x =g y are of h-level n.



Cummulative Hierarchy of Homotopy Types

> -2-type: single point pt;

» -1-type: the empty space () and the point pt: truth-values aka
(mere) propositions

» O-type: sets: points in space with no (non-trivial) paths

» 1-type: flat groupoids: points and paths in space with no
(non-trivial) homotopies

» 2-type: 2-groupoids: points and paths and homotopies of paths
in space with no (non-trivial) 2-homotopies




Propositions-as-Some-Types |



Which types are propositions?

Def.: Type P is a mere proposition if x,y : P implies x = y
(definitionally).



Truncation

Each type is transformed into a (mere) proposition when one ceases
to distinguish between its terms, i.e., truncates its higher-order
homotopical structure.

Interpretation: Truncation reduces the higher-order structure to a
single element, which is truth-value: for any non-empty type this
value is true and for an empty type it is false.

The reduced structure is the structure of proofs of the
corresponding proposition.

To treat a type as a proposition is to ask whether or not this type is
instantiated without asking for more.



» Thus in HoTT “merely logical” rules (i.e. rules for handling
propositions) are instances of more general formal rules, which
equally apply to non-propositional types.

» These general rules work as rules of building models of the
given theory from certain basic elements which interpret
primitive terms (= basic types) of this given theory.

» Thus HoTT qualify as constructive theory in the sense that
besides of propositions it comprises non-propositional objects
(on equal footing with propositions rather than “packed into”
propositions as usual!) and formal rules for managing such
objects (in particular, for constructing new objects from given
ones). In fact, HoTT comprises rules with apply both to
propositional and non-propositional types.



Univalence

(A =TYPE B) >~ (A ~ B)

CnoBamun: 3KBNBANIEHTHOCTb TUMOB SKBUBAJIEHTHA UX PABEHCTBY.
Crpyktypanusm?

For PROPs: (p = q) <> (p <> q) (propositional extensionality)

For SETs: YTeepxaeHus o6 nsoMopdHbIX MHOXXECTBAX JIOrMYECKM
3KBUBaNIEHTHBI (N3MOPKN3M-NHBAPNAHTHOCTD )

Univalence implies functional extensionality: if for all x X one has
fx =y gx then f =x_ vy g (the property holds at all h-levels).
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UniMath Library

https://github.com/UniMath /UniMath



