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Plan of the T
alk:

•
H

erm
eneutics of Pythagorean T

heorem
:

translation versus form
alisation;

•
H

ilbertian Schem
e and C

ategorical T
heory-

B
uilding: W

hy C
ategory T

heory D
oes N

ot
Support M

athem
atical Structuralism

.

R
eversed order of presentation



H
erm

eneutics of Pythagorean T
heorem

(L
M

): L
ang, S., M

urrow
, G

., 1997, G
eom

etry, Springer, p.95:
L

et  X
Y

Z
  be a right triangle w

ith legs of lengths x and y, and 
hypotenuse of length z. T

hen x
2 +

 y
2 =z

2.  

(leaving proofs aside…
)

(D
): D

oneddu, A
., 1965, G

éom
étrie E

uclidienne, Plane, Paris, 
p.209, m

y translation:
T

w
o non-zero vectors x and y are orthogonal if and only if  

(y- x) 2 =
 y

2 +
 x

2.

(E
) E

uclid, E
lem

ents, tr. by T
h. H

eath, B
ook 1, Proposition 47:

In right-angled triangles the square on the side subtending
the right angle is equal to the squares on the sides 
containing the right angle. 



In w
hich sense  if any L

M
, D

 and E
 are different 

form
ulations (different versions) of the sam

e theorem
 (provided 

w
e leave out in (D

) its “if” part) ? 

L
et’s first understand them

 better!

(1) L
M

 requires a theory of real num
bers. T

he authors don’t 
provide such a theory. Instead they introduce the notion of distance 
through inform

ally stated axiom
s of m

etric space and then m
ention 

that distances are num
bers one reads off from

 a graduated ruler (?).

Side question: 
Is a lim

ited access to the Pythagorean Secret a really 
good pedagogical solution? 



(2) D
 requires a theory of real num

bers and basic L
inear A

lgebra.
T

he author m
eets the requirem

ents. N
otice that in the form

ula

(y- x) 2 = y
2 + x

2

•the m
inus sign on the left denotes the subtraction of vectors 

w
hile the plus sign on the right denotes the sum

 of real num
bers 

(so the tw
o signs do not denote here reciprocal operations as usual)

•the square on both sides is understood in the sense of the scalar 
product of vectors. 

T
he price of rigor turns to be high! N

o direct appeal to geom
etrical 

intuition.  



(3) B
ew

are that in I.47 E
uclid doesn’t speak about the equality

of areas ! 

B
y   "equality" E

uclid m
eans equicom

posability or 
again m

ore precisely…
. 



C
o

m
m

o
n

 N
o

tio
n

s [=A
xio

m
s]:

1. T
hings equal to the sam

e thing are also equal to one an
o

th
e

r.

2. A
nd if equal thin

gs are added to equal things then the w
holes

 are equal.

3. A
nd if equal thin

gs are subtracted from
 equal thin

gs then 
the rem

ainders are equal.

4. A
nd things coin

ciding w
ith one ano

ther are equal to one another.

5. A
nd the w

hole [is] greater than th
e part.

N
otice (4): congruence is a special case.

A
lso m

ind Postulates. 



(copy)
In w

hich sense  if any L
M

, (“only if” part of) D
 and E

 
are different form

ulations / versions of the sam
e theorem

?

C
onsider very different backgrounds (different foundations) 

behind these statem
ents. W

hat is an appropriate background
for com

paring them
?

A
 further problem

 to be only m
entioned her:

M
athem

atical truths like this one apparently survive through 
changes of foundations? W

hat m
akes it possible? H

ow
 it w

orks?
D

oes this provide a sense in w
hich foundations don’t really m

atter?



T
w

o possible strategies:

U
sual F

orm
alisation: extract a form

 / structure shared by all
reasonable form

ulations of Pythagorean theorem
. D

o the sam
e for the

rest of M
athem

atics. T
his provides the w

anted firm
 background,

w
hich can be used, in particular, for a better understanding of

M
athem

atics of the past.

Problem
:

W
hat one gets through the usual form

alisation is just another
form

ulation / version F of the given theorem
. (A

rguably D
qualifies as such.) W

hat then justifies the claim
 that F indeed

grasps all the essential features of other know
n form

ulations?

U
sual answ

er: this is intuitively clear.

U
sual argum

ent supporting this answ
er: this is the best answ

er one can
give. For F is rigor w

hile other (“inform
al”) form

ulations are not. O
ne

shouldn’t require rigor talking about non-rigorous inform
al m

atters.
If you really  w

ant to be rigorous w
ork w

ith F and forget about other
form

ulations.



A
 critical reply:

T
he claim

 that F is (m
ore) rigorous than  "inform

al" form
ulations of

the sam
e theorem

 cannot be justified through the appeal to its
form

al character if the very notion of shared form
 (structure) is

treated non-rigorously as suggested above.
It is historically naive and epistem

ically w
rong to assum

e that
today ’s standard  "form

al" foundations w
ill survive forever.

R
evision of foundations is as m

uch im
portant for developm

ent of
M

athem
atics as building upon assum

ed foundations. R
evision of

foundations doesn ’t cause giving up the rest. (C
f. B

enabou on
possible contradiction in Z

F.) T
he architectural m

etaphor of
M

athem
atics and Science is m

isleading!
T

he phenom
enon of survival of m

athem
atical know

ledge through
foundational changes should be taken seriously and treated
rigorously.



A
 m

ore precise proposal:
Step (1): study (construct) translations betw

een M
L

, D
 and E

 and
Step (2): find appropriate identity conditions expressed in term

s of 
these translations.   

(1) W
hat counts as a sound translation? H

ow
 to justify a claim

 
of the form

 "A
 translates into B

 by t" or diagram
m

atically
 

 t
 A

                 B

w
hen A

 and B
 are m

athem
atical expression belonging to different 

theories (and, generally, sharing no conceptual core)?  



H
int: (i) internal and (ii) external coherence:

(i) elem
ents of A

 translate into elem
ents of B

; translation com
m

utes 
w

ith linking the elem
ents in A

 and B
:

if A
 =

 L
A E

A , B
 =

 L
B  E

B  
then t A

 =
 t L

A E
A

 =
 L

B
 t E

A
  =

 B

D
iagram

m
atically:

E
A

E
B

A
B

tt

L
A

L
B



(ii) the sam
e translation rules should apply outside A

 and B
 

(i.e. in w
ider dom

ains belonging to correspondingtheories)

E
x.: E

-->
M

L
:  m

agnitudes -->
 real num

bers (m
easures)

N
otice type forgetting: no backw

ard elem
entw

ise translation 
V

ery lim
ited external dom

ain.

R
em

ark: sound translation A
-->

B
 needs not to be unique. 

E
x.: projective duality: non-trivial translation of a given theory 

into itself.



(2) H
ow

 to specify identity conditions through translation?

C
onsider the standard category-theoretic definition of identity:

i  is identity iff if =
 f for all incom

ing f and gi =
 g for all

outgoing g (provided the com
positions exist).

diagram
m

atically:i

f f
gg

R
em

arks:
A

) one needs a notion of associative com
position of translations

(m
aps, m

orphism
s);

B
) there is no point to distinguish betw

een an identity m
orphism

 
and w

hat it is identity of (an object);
C

) this notion of identity  is strong. O
ne needs to specify a category

an w
hich it applies (notice the universal quantification).

D
) T

his definition of identity is "contextual" (sensitive to neighbours)



Isom
orphism

 in this context is not equivalent to identity but 
defined as follow

s:

f: A
-->

B
 is isom

orphism
 iff there exist g: B

-->
A

 such that 
(i) gf =

 iA  and (ii) fg =
 iB , w

here iA
 and iB  are identities defined 

as above.  

R
em

arks:
A

) T
he m

ere existence of m
orphism

 going in the opposite direction
is not sufficient (rem

ind that m
orphism

s A
-->

B
 are m

any); 
none of (i) and (ii) is sufficient.
B

) If the reverse exist it is unique.

(R
udim

entary) C
ategory theory suggests itself as the w

anted
background for the com

parison. T
he result is context-dependent. 

A
nother notion of identity m

orphism
? (elsew

here)



H
ilbertian Schem

e and C
ategorical T

heory-
B

uilding
"Y

ou say that m
y concepts, e.g. "point", "betw

een", are not 
unequivocally fixed <

...>
. B

ut surely it is self-evident that every theory
 is m

erely a fram
ew

ork or schem
a of concepts together w

ith their 
necessary relations to one another, and that basic elem

ents can be 
construed as one pleases. If I think of m

y points as som
e system

 or 
other of things, e.g. the system

 of love, of law
, or of chim

ney sw
eeps

 <
...>

 and then conceive of all m
y axiom

s as relations betw
een these 

things, then m
y theorem

s, e.g. the Pythagorean one, w
ill hold of these

 things as w
ell. In other w

ords, each and every theory can alw
ays

be applied to infinitely m
any system

s of basic elem
ents. 

For one m
erely has to apply a univocal and reversible one-to-one 

transform
ation and stipulate that the axiom

s for the transform
ed

 things be correspondingly sim
ilar. Indeed this is frequently applied, 

for exam
ple in the principle of duality, etc.” (H

ilbert’s reply to Frege’s
critique of G

rundlagen of 1899)



Structural setting of H
ilbert's G

rundlagen  of 1899 popularised
in  the N

orth A
m

erica by V
eblen and other postulate theorists

and later elaborated by T
arski et al.:

H
ilbertian schem

e:
F

orm
al theory + a bunch of its isom

orphic m
odels

C
ategoricity P

roblem
 (V

eblen):
H

ilbertian schem
e assum

es that possible m
odels of a given

form
al theory are isom

orphic. B
ut generally they are not. H

ence
the pursuit of categoricity. W

hen it doesn't w
ork (like in case of

Z
F) people often appeal to the notion of "standard" or

"intended" m
odel, w

hich has no precise m
athem

atical m
eaning.

So intuitive considerations strike back! H
ilbertian schem

e
doesn't w

ork as it is supposed to.



G
eneral A

nti-Structuralist C
laim

:
H

ilbertian schem
e doesn ’t w

ork as it supposed to because

A
L

L
 M

O
R

PH
ISM

S
 

but not only isom
orphism

s m
atter. 

T
he pursuit of categoricity is unnecessary and m

isleading.



G
eneral A

rgum
ent:

H
ilbert has tw

o very different notions of interpretation in m
ind. 

F
irst, he thinks of interpretation of a given form

al theory as an 
appropriate intuitive content, w

hich can be associated w
ith it. 

T
his is a philosophical, psychological and pedagogical issue but 

not a m
athem

atical one. (D
o different people im

agine E
uclidean 

circles differently?) Second, he thinks about a m
odel M

 of a given
 form

al theory T as a specific construction m
ade w

ithin another 
theory T

' (supplied by som
e w

orking m
odel M

'). H
ilbert's non-trivial

 m
athem

atical exam
ples are of this second kind. T

hink of arithm
etical

 m
odels of geom

etrical theories m
entioned in H

ilbert's G
rundlagen.  



Specific claim
s:

C
laim

 1: 
T

here is no sufficient reason to treat both notions of interpretation
 on equal footing. T

his is a confusion of tw
o very different things. 

A
rgum

ent: 
I leave now

 the issue of intuition aside. B
ut the second kind of 

interpretation can be better understood as a translation (m
ap, 

m
orphism

) betw
een theories T and T

' , i.e. interpretation of the 
theoretical content of T in term

s of T
'. T

his revised notion of
 interpretation (=

translation) cannot be extended to the case of intuitive
content (H

ilbert's first kind of interpretation) because the intuitive 
content alone (w

hatever it m
ight be)doesn't form

 anything 
like a theory. 



C
laim

 2:
H

ilbertian distinction betw
een m

athem
atics and m

eta-m
athem

atics 
is not justified.

A
rgum

ent:
T

he usual w
ay to treat translation T-->

T
' as interpretation in 

the first (intuitive) sense  - to qualify deliberately T
' as a 

m
eta-theory and on this ground to leave it out of m

athem
atical

 consideration - in certain cases it leads to sheer epistem
ic 

absurdities (cf. L
obachevsky's "non-standard" 

m
odel of Plane E

uclidean geom
etry). 



C
laim

 3:
M

athem
atically significant translations (m

aps, m
orphism

s) betw
een 

theories are generally non-reversible, i.e. not isom
orphism

s.

A
rgum

ent: 
O

therw
ise, according to H

ilbertian criteria, they are auto-translations 
of a given theory into itself. N

on-trivial reversible auto-translations
 exist (cf. H

ilbert's exam
ple of Projective D

uality) but are rare. 
O

ne shouldn’t generalise upon this H
ilbert's exam

ple.  

R
em

ark:
T

alking about arithm
etical m

odels of geom
etrical theories H

ilbert, 
of course, didn't m

ean to identify G
eom

etry w
ith A

rithm
etic. B

ut he
 thought he could "carve out" a specific arithm

etical construction 
from

 its am
bient theory and consider it (w

ith appropriate arithm
etical

 law
s) as a self-standing em

bodim
ent of a geom

etrical theory.
 T

his is not justified. T
he construction cannot survive outside its proper

 theoretical fram
ew

ork.   



C
laim

 4:
H

ilbertian schem
e doesn't survive the replacem

ent of isom
orphism

s
by general m

orphism
s.

A
rgum

ent (crucial):
G

iven reversible m
ap A

<
-->

B
 one can think of A

, B
 "up to

isom
orphism

" and identify both A
, B

 w
ith a new

 "abstract" or "form
al"

object C
. So differences betw

een A
 and B

 can be dispensed w
ith. T

his
is possible because the existence of isom

orphism
 is an equivalence

relation, and C
 stands for a particular equivalence class by this relation.

(T
hink about Frege’s account of abstraction.) B

ut the existence of
general m

orphism
 A

-->
B

 is N
O

T
 an equivalence relation, so nothing

sim
ilar applies in the general case. G

iven general m
orphism

 A
-->

B
there is no sense in w

hich the difference betw
een A

 and B
 m

ight not
m

atter; there is no w
ay to stipulate in this situation a new

 "form
al"

object C
  like in the special case of isom

orphism
 (or in som

e sim
ilar

w
ay).



R
em

ark:
H

ilbertian Structuralist setting allow
s for a rigorous definition and 

treatm
ent of the general notion of m

orphism
. I m

ean the structuralist 
notion of m

orphism
 as a structure-preserving m

ap. H
ow

ever this 
fram

ew
ork is based on a "preference" of isom

orphism
s to begin w

ith.
 For the very notion of structure requires the kind of thinking 
exem

plified by the above quote from
 H

ilbert's letter to Frege. 

T
hinking about m

orphism
s as structure-preserving is m

isleading.



C
laim

 5:
Set theory is a natural fram

ew
ork for applications of H

ilbertian
schem

e (think of T
arski’s sem

antics)

A
rgum

ent (hint):
A

ny correspondence betw
een tw

o given elem
ents of tw

o given sets
 is (intuitively) reversible. In Set theory the notion of non-ordered
pair is prim

itive (Pairing A
xiom

) but the notion of ordered pair is
derived (construed in an artificial w

ay). In this sense non-reversible
correspondences betw

een sets (i.e. functions) and m
aps betw

een
 "structured sets" are accounted for in term

s of elem
entary

 isos (i.e. pointw
ise).



C
laim

 5:
C

ategory theory as a general theory of m
aps is a natural fram

ew
ork

for the generalisation of H
ilbertian schem

e I'm
 pointing to. 

A
rgum

ent:
Presently w

e don't have any other proposal.  

R
em

ark:
Foundations of C

ategory theory are not stabilized yet.T
his is a

reason w
hy C

ategory theory is of philosophical interest. 

C
laim

 6:
C

ategorical generalisation of H
ilbertian schem

e cannot be 
appropriately associated w

ith a generalized version of Structuralism
.

A
rgum

ent:
Structures are specific categories but not the other w

ay round 
(as it is often claim

ed). 



E
xisting m

ethods of categorical theory-building 
(only to m

ention) 

•Functorial sem
antics (L

aw
vere)

•Sketch theory (E
hresm

ann)

C
om

m
on features: 

•C
ategoricity in V

eblen ’s sense doesn ’t m
ake sense.

Instead one looks for  
(i) "good" categorical properties of (categories of) m

odels
(ii) specific m

odels: generic, initial, universal, free
•H

ilbertian distinction betw
een form

al theories and their m
odels

is blurred (L
aw

vere) or given up (E
hrehsm

ann).
•"Internalisation » of logic 



C
onclusions

•
C

ategory-theoretic approach to foundations
of M

athem
atics supports a  "herm

eneutical"
anti-foundationalist view

 on the history of
the discipline.

•
C

ategory-theoretic approach doesn ’t
support M

athem
atical Structuralism

.



T
hank Y

ou!


