HoTT & Coq u Agda.

Coq n Agda

Coq Hanucan Ha Ocaml, dpyHkunOHaNbHBIN 53bIK, dpaHLy3cKuii Ky3en ML.

Pabota B Coq: aBa BapuanTa: 1-biii BapuaHT - cpega Coqlde, 2-oii BapuaHnT - ProofGeneral c
ucnonbsoaHnem Emacs.

Agda yctaHaBanusaetcs (kak npaBuso) depes nakeTHbli meneskepa Haskell'a ¢ nomowybio
KOMaHAbl B TepMuHane (cabal install Agda). Pabota ¢ Agda Takxe npoucxoput B Emacs.



HoTT & Coq u Agda.

Baszosble onpegenerust HoTT B Cog.

1. MyTs:
Inductive paths {A} : A— A — Type := idpath : V x, paths x x.
Notation""x ~n~> y" = (paths x y) (at level 70).

2. ToTanbHOe MPOCTPAHCTBO PaCcC/OeHUs:
Inductive total {B : Type}(A: B — Type) : Type := pair (x : B)(y : Ax).

3. lpsamoe nponseepeHne TUNOB:
Inductive total {B : Type}(A: B — Type) : Type := total (funx : A= B).

4. KoHkaTeHaumns nyTeii:

Definition concat {A}{xy z : A} : (x ~~> y) = (y ~~o> 2) = (x o> 2).
Proof .

intros p q; induction p; induction q; apply idpath.

Defined.
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5. ObpaTHbIii nyTh:

Definition opposite {A}{x y : A} : (x ~~>y) = (y ~~> x).

intros p; induction p; apply idpath.
Defined.

6. MHaykuns nyTeli, 3agaHHas Yepes3 NaTTepH-MaTYUHT:
Ltac path__induction :=
intros; repeat progress (
match goal with
[[p: — ~~> _t+ _] = induction p
| = idtac
end

); auto.
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Bazoebie onpeneneruss HoTT 8 Coq.

7. OTobpaxeHne N3 NPOCTaHCTBA B NPOCTAHCTBO COXPaHseT NyTn (aHaJOrMYHO COXpaHsAeTCs
npu KOMNO3nuumMn oTobparkeHnii u nNpn obpaTHoM oTobparkeHnn):

Lemma map {AB}{xy : A}(f : A= B)(p: x ~~>y) : fx ~~>fy.

Proof .

path__induction; apply idpath.

Defined.

8. KoHkaTeHauus nyTeli B NpOCTPaHCTBE TOXE COXPAHSETCS NpU OTObpaXkeHuu U3
MPOCTPaHCTBA B NMPOCTPAHCTBO:

Lemma concat_map AB(xy z: A)(f : A= B)(p: x ~~>y)(q:y ~~> 2):
map f (p @ q) ~~> (map f p) @ (map f q).

Proof .

path__induction.

apply idpath.

Defined.
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9. XVHTbI 1 TaKTUKU:

Hint Resolve

concat_map

opposite_map map__cancel
opposite__concat opposite__opposite
homotopy__concat : path__hints.

Ltac path__tricks :=

first

[apply homotopy__concat

| apply opposite__map

| apply opposite__opposite

| apply opposite__concat

| apply map_cancel

| idtac] ; auto with path_hints.

Ltac path_via x := apply @ concat with(y := x); path_tricks.
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Baszosble onpegenerust HoTT B Cog.

10. VTeepxpgeHue c bonee MHTEPECHbIM AOKA3aTENLCTBOM:

Lemma map_naturality A(f : A— A)(p : Vx, fx ~~> x)(xy : A)(q 1 x ~~> y)
mapfq@py~~> pxQq.

Proof .

inductionq.

path_via (p x).

apply idpath__left__unit.

apply opposite; apply idpath__right__unit.

Defined.
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11. Ewe ogHo yTBEpXaeHue ¢ bosiee MHTEPECHBIM 4OKa3aTEIbCTBOM:
Lemma homotopy _naturality AB (fg:A— B)(p:Vx,f x~~>gx)(xy:A)(q:x ~~>
y) mapfqQ@py~~>px@mapgq.

Proof .

inductionq.

path_via (p x).

path__via (idpath (f x) @ p x).

apply opposite; auto.

apply idpath.

apply idpath.

path_via (p x @ idpath (g x)).

apply opposite; auto.

apply idpath.

apply idpath.

Defined.
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homotopy__naturality = fun(AB : Type)(f g: A— B)(p:Vx: A fx ~~> gx)(xy : A)(q:

X o> y) =

paths_rect A (fun (x0y0: A)(q0 : x0 ~~> y0) = mapf q0 @ p y0 ~~> p x0 @ map g q0)
(fun x0 : A = (homotopy__concat B (f x0) (f x0) (g x0) (map f

(idpath x0))(idpath (f x0)) (p x0) (p x0)(! idpath (map f (idpath x0)))(idpath (p x0)) @
idpath_left__unit B (f x0) (g x0) (p x0)) @ (! idpath_right_unit B (f x0) (g x0) (p x0) @
homotopy__concat B (f x0) (g x0) (g x0) (p x0) (p x0) (idpath (g x0)) (map g (idpath x0))
(idpath (p x0)) (idpath (map g (idpath x0))))) x y q :

Y(AB: Type)(fg: A— B)(p:Vx: A, fx ~~>gx)(xy: A)g: x ~r>

y),mapfq@py ~~>px@mapgq
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12. MMepeHoc:

Theorem transport {AH{P : A — Type}{xy : A}(p:x ~~>y): Px— Py.
Proof.

path__induction.

Defined.

13. ToTanbHble nyTu:

Lemma total _paths (A : Type)(P : A — Type)(xy : sigT P)(p: projT1 x ~~> projT1y) :
(transport p (projT2 x) ~~> projT2 y) — (x ~~> y).

Proof.

intros q.

destruct x as [x H]; destruct y as [y G].

simpl in x = x.

induction p; simpl in q.

path__induction; apply idpath.

Defined.
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14. Onpegenenue h-cnos:
Definition hfiber {AB}(f : A— B)(y : B) :={x: AA fx ~~> y}.

15. MepeHoc h-cnos:

Lemma transport__hfiber AB (f : A— B)(xy : A)(z: B)(p: x ~~>y)(q: fx ~~> 2)
transport (P := funx = f x ~~> z)p q ~~>!(map f p) @ q.
Proof .

induction p.

path_via q.

path_via (!(idpath (f x)) @ q).

path_via (idpath (f x) @ g).

apply opposite; auto.

apply idpath; apply idpath.

path__induction; apply opposite.

apply idmap_map.

Defined.
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transport__hfiber = fun(A B : Type)(f : A— B)(xy : A)(z: B)(p: x ~~> y)(q : fx ~~>
z) =

paths_rect = (fun (x0 y0 : A)(p0 : x0 ~~> y0) = Vq0 : X0 ~~> z, transport p0 g0 ~~>
I map p0 @ g0)

(fun(x0: A)(g0 : X0 ~~> z) =

((! idpath__left__unit B (f x0) z (transport (idpath x0) q0) @ homotopy__concat B (f x0) (f x0) z
(idpath (f x0)) (! idpath (f x0)) g0 qO (idpath (! idpath (f x0)))(idpath q0)) @ (let b :=

x0 in paths__rect B

(fun (b0 20 : B)(ql : b0 ~~> z0) =! idpath b0 @ g1 ~~> ql)(funx1: B =
opposite__left__inverse B x1 x1 (idpath x1)) b z g0)) @

lidmap_map B (f x0)zg0)xy pgq :

V(AB: Type)(f : A— B)(xy : A)(z: B)(p: x ~~> y)(q: fx ~~> z), transport pq >
ImapfpQ@gq
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16. Crarusaembili Tun (Tun noj HOMepoM -2 B rOMOTONUYECKON nepapxum):
Definition contractible A :=x : AANYy : A, y ~~> x.

17 TaKTVIKa: LCTArnNBaHme>» h—CﬂOﬂ:
Ltac contract__hfiber y p :=
match goal with
| [F contractible (@hfiber__ ?f ?x )] =
eexists (existT (funz = f z ~~> x) y p);
letz := fresh”'z" in
letq := fresh” q" in
intros [z q|
end.
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18. Cnabas 3KBUBaNEHTHOCTL MEXAY TUNaAMM:
Definition isweq {A B}(f : A— B) :=Vy : B, contractible (hfiber f y).
Definition weq A B := {w : A — B N isweq w}.

19. Cnabas 3KBMBaNEHTHOCTb TUMNA C CaMUM CODOIA:
Definition idweq A : weq A A.

Proof .

exists (idmap A).

intros x.

contract__hfiber x (idpath x).

apply total _paths with (p := q); simpl.

compute in q.

path__induction; apply idpath.

Qed.
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20. Ecnn mexxgy npocTpaHCTBamuy eCTb MyTb, TO OHW C1ab0 3KBMBAJIEHTHbI:
Definition path_to_weq {U V} : U ~~>V — weq U V.

Proof .

intro p.

induction p as [S].

exact (idwegq S).

Qed.

21. Akcnoma yHusaneHTHOCTU (cnabo SKBMBANEHTHBIE SKBUBANEHTHbI):
Axiom univalence : YU V , isweq (@path_to_weq U V).

22. ObpatHoe (20) AoKa3bIBAETCS HAMPSIMYIO C MOMOLLLIO YHUBAIEHTHOCTH:
Definition weq_to_path{U V} : weq UV — U ~~> V.

Proof.

apply univalence.

Qed.
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Twun nuTepsana.

Inductive interval : Type; :=
|zero : interval

|one : interval

Axiom seq : zero ~~>> one.

interval, P x :=

|zero = fun__ = a

Definition interval _ind(P : interval — Type)(a : P zero)(b : P one)(p : segfia ~~> b) :
fun x = (match x return_ — P x with

lone = fun _ = b
end) p.




HoTT & Coq u Agda.

Twun nuTepsana.

Axiom interval _ind__beta_seq :

V(P : interval — Type)
(a: Pzero)(b: P one)(p : segha ~~> b),
apD(interval _ind P a b p) seg = p.

Definition interval _rec (P : Type)(a b: P)(p: a ~~> b) := interval — P :=
interval_ind (fun _ = P) a b (transport_const _ _Qp).

Definition interval _rec__beta__
(P: Type)(ab:P)(p:a~~>b):
ap (interval_rec P a b p) seg = p.
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1. MyTm:
data Id{A : Type}(M : A) : A — Type where
id:ld MM

Path : {A: Type} - A— A — Type
Path = Id

_==_:{A: Type} - A— A— Type
_==_ = Path

infix9_ == _

DA
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)
I
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2. [MepeHoc:
transport : {B : Type}(E : B — Type){bl b2 : B} — Path bl b2 — (E bl — E b2)
transportC id = Ax — x

3. OTobpaxeHue coxpaHserT:
ap : {AB: Type}{M N : A}(f : A— B) — Path{A}M N — Path{B}(f M)(f N)
apfid=id

apd : {B: Type}{E : B — Type}{by bo: B}(f : (x: B) = E x)(B : Path by bs) —
Path (transport E (3 (f b1)) (f b2)
apd f id = id

4. Coe: Id-annmunatop:
coe:{AB: Type} - PathAB - A— B
coe = transport(Ax — x)
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5. ObbsBneHue curma-Tuna:
record e (A : Type)(B : A — Type) : Type where

constructor__,
field
fst: A
snd : B fst
open X e public
Y :{A: Type} = (B: A— Type) — Type
Y{A}JB=YeAB

infixr0 _,

syntax e A(Ax — B) =X[x: A| B
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6. PyHkunm:

ap==V{AH{B:A— Type}{fg:(x:A)— Bx}
— Pathf g — {x : A} — Path (f x)(g x)

ap ==af{x} =ap (A\f = f xX)a

postulate :
A==V{AH{B:A— Set}{fg:(x:A) = Bx}— ((x:A) — Path(f x)(g x)) — Pathf g
MN==n:V{AH{B:A— Set}{fg:(x:A)— Bx}
— (a: Pathfg) = a==X== (A — ap == a{x})
N==p:V{A}{B:A— Set}{fg:(x:A) = Bx}
= (a:(x:A) = Path(f x) (g x)){N : A} = ap== (A== a){N} == (aN)
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7. DKBNBANEHTHOCTMN:

record IsEquiv{A B : Type}(f : A— B): Type where
constructor isequiv
field

g:B—>A
a:(x:A)— Path(g (f x)) x
B:(y:B)— Path(f(gy))y

v (x: A) = Path(B (f x))(ap f (« x))
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Equiv : Type — Type — Type
Equiv A B = X (IsEquiv{A}{B})

equiv: {AB: Type}(f:A— B)(g: B — A)(a:(x:A)— Path(g (f x))x)(8: (y: B) —
Path (f (g ¥)) y)(v: (x: A) = Path (B (f x))(ap f (ax))) — Equiv AB
equivf ga By =f, isequivga By
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record IsHEquiv {A B : Type}(f : A — B) : Type where
constructor ishequiv

field

g:B—A

a:(x:A)— Path(g (f x)) x

B:(y:B)— Path(f(gy))y

HEquiv : Type — Type — Type
HEquiv A B = X(IsHEquiv{A}{B})

hequiv : {AB : Type}(f : A— B)(g: B— A)(a: (x:A) — Path(g (f x))x)(B:(y:B)—
Path (f (g y))y) — HEquiv AB
hequivf g o = f | ishequiv g o 3
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lomoTonuueckas nepapxus n CTArMBaeMOCTb:
dataTLevel : Type where

—2: TlLevel

S TlLevel — TlLevel

—1: TlLevel
-1=5 -2

Contractible : Type — Type
Contractible A=Y \(c: A) — (y: A) — Pathcy

HProp : Type — Type
HProp A= NType — 1A

HSet : Type — Type HGpd : Type — Type
HSet A= NType(S5(S —2))A HGpd A= NType(S5(5(5—2))) A
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VHNBaNEHTHOCTD.

coe — is — equiv : Y{A B}(p : Path A B) — IsEquiv (coe p)

coe — equiv : Y{A B}(p : Path AB) — Equiv AB
coe — equivp = (coe p, coe — is — equiv p)

postulate
univalence : V{A B} — IsEquiv{Path A B}{Equiv A B}coe — equiv

ua:V{AB} — EquivAB — PathAB
ua = IsEquiv.g univalence
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BbluncneHne romoTonunyeckoii rpynnsl okpy>xHoctn B Agda.

Sl : Set
base : St
loop : base == base

St —induction : (X : ST — Type)
base’ : Xbase
loop’ : Path (transport X loop base’) base’ — (y : S*) — Xy

SCover : S — Typey
St Cover = St — recursion Int (univalence succEquiv) x

encode : {x : S*}(p : base == x) — S* x
encodep = transportS* p 0

u}
)
I
i
it
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Hakpy4uBanue netnu:

loop” : (n: Z) — base == base

loop (pos 0) = idp

loop (S n) = loop o loop”(pos n)

loop (neg 0) = loop

loop (neg (S n)) =! loop o loop”(neg n)



HoTT & Coq u Agda.

BbluncneHne romoTonunyeckoii rpynnsl okpy>xHoctn B Agda.

Mpogomkaem Hakpy4mnBaTb:
loop”succ : (n: Z) — loop”™n o loop = loop™(succ n)
loop” succ 0 = loop
loop” succ (pos n) = loop o loop™n
loop” succ (neg 0) = ! — inv — | loop
loop” succ (neg (S n)) =
(loop™(neg n) o ! loop) o loop =
loop” (neg n) o (! loop o loop) =
loop” (neg n) o idp
loop” (neg n)

u}
)
I
i
it




HoTT & Coq u Agda.
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Koguposatue Hakpy4eHHON netnu:
encode — loop” : (n: Z) — encode(loop™n) = n
encode — loop”™ 0 = idp
encode — loop” (pos 0) = S'.coe — loop — 30
encode — loop”(pos (S n)) =
coe (ap S* Cover (loop”(pos n) o loop)) O
coe (ap S* Cover (loop”(pos n)) o ap S* Cover loop) 0
coe (ap St Cover loop)(coe (ap St Cover (loop”(pos n))) 0)
coe (ap St Cover loop)(pos n)
pos (S n)
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[JekogumposaHue:
decode : {x : S} — Cover x — Path base x
decode {x} = S — induction (Ax' — Cover x' — Path base x’)
loop”
(transport (Ax" — Cover x" — Path base x') loop loop™
=~ transport (Ax" — Path base x') loop o loop” o transport Cover (! loop)
~ (Ap — loop o p) o loop”transport S* Cover (! loop)
~ (A\p — loop o p) o loop” o pred
~ (An — loop o (loop”(pred n)))
~ (An — loop” n)
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encode — decode : {x : S'} — (c : Cover x) — (encode (decode {x} c))c
encode — decode{x} = S* — induction
(A (x : S) — (c : Cover x) — Path (encode{x}(decode{x} c)) c)
encode — loop” proof x

decode — encode : {x : S'}(a : Path base x) — Path (decode (encode o))a
decode — encode{x} o = path — induction (A (x : S')(« : Path base x ) —
Path (decode (encode o )) ') id

Q1[SY] — is — Int : HEquiv (Path base base) Z
Q1[SY] — is — Int = hequiv encode decode decode — encode encode — loop”
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