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» - gives a monoid structure, 1 is the unit;

v

\ and / are residuals of -:

a<c/b<+= a-b<c < b<a\c
V and A are for the lattice structure:
aV b=sup{a, b}, aAb=inf{a, b}.

» x, the general case: 1V aV (a* - a*) < a*, and if
1Vvav(b-b)<b, then a* < b.

» %, the x-continuous case: p-q* - r =sup{p-q"-r | n>0}

References: Pratt 1990, Kozen 1994.
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Standard Examples

» the algebra of languages over an alphabet, possibly with the
empty word;

» the algebra of binary relations, R C W x W (- is composition,
* is the reflexive-transitive closure).



ACT,

An infinitary sequent calculus for *-continuous action lattices.

NA—C
A— A —1 rnL,A—C

All = B M—-A TBA—=C r- A AN—~B

M— A\B M(A\B)A — C A A B
MNMA— B M—A TBA—=C A BA—C
n—B/A F(B/ANA—C A B,AC
r— A I—A F,A;,A%C
F— A1 NA MNAINA A = C
[ — A I',Al,A—>C F,AQ,A—>C
[ ALV A FALY A A — C
Mh—-A ... T,—A MNA"A— Cforalln>0
M, T A LAA S C
NM—-A TAA—=>C
NMA—C

Reference: Buszkowski & Palka 2005-08

(n>0)

(cut)
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In This Talk...

... we consider the positive version of Kleene iteration (T instead of *):

> a semigroup instead of a monoid;

» aV(at-at)<at, andif aVv(b-b) < b, then a™ < b (for the
general case);

» p-gT-r=sup{p-q"-r|n>1} (for the x-continuous case).

Standard example: the algebra of languages without the empty
word.
A variant of relational semantics also exists.



Multiplicative-Only Fragment (the Lambek Calculus with
lteration, L))

(for the *-continuous case;
cf. ACT,, by Buszkowski and Palka 2005-08)

A— A

All —» B - N—-A TBA—~C
- 5 t
r]_>A\B,Wherel'llsnotempy FM(A\B)A = C
MNA— B . N—-A TBA—->C
7I_I_>B/A,wherel'l|snotempty F(B/ANA S C
r-A A—B LABA—=C
NnNA—A-B NnA-BA—C
Mh—-A ... T,—A MNA" A — Cforalln>1
(n>1)
M,...,0,— A" AT, A— C

M—A TAA—C
rMa—C

(cut)
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Complexity Result

Theorem

L} is N9-complete.

Proof idea: following Buszkowski & Palka for ACT,, encode the
totality problem for context-free grammars. The key trick that
allows avoiding \V and A is the usage of Lambek grammars with
unique type assignment [Safiullin 2007].

CFG — Lambek categorial grammar.

a> A, bo > B, C is the goal category. (Alphabet {a, b})

ai...apn € L < A;...A, — Cis derivable.

Checking derivability of (AT - BT)™ — C is roughly equivalent to
checking totality for the CFG.

Open question: Safiullin’s result is not known for the case with
empty word. Therefore, we cannot yet replace * with *.



On The Other Side...
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On The Other Side...

Pratt's axiomatisation for general (non necessarily *-continuous)
action lattices (a variant with positive iteration):

A=A (A-B)-C—A-(B-C) A-(B-C)=(A-B)-C
A-C/B A.BsC B—=A\C A.BC
A-B>C A—>C/B AB=>C B—A\C

A—-B B—=C A= B Al B A= B
A—C A— BV B> AiVA — B

A,'—>B A—)Bl A—)Bg
A1 NA — B A— Bi1 N B>

AV (B-B)— B
AV (AT AY) 5 At AT S B
NB: Pratt 1990 doesn't cite Lambek 1958 (but cites Girard 1987).
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ACT,, is M{-complete (Buszkowski & Palka);
ACTppay is in 29 (re.)

Therefore:
» there exists an action lattice that is not *-continuous;

» the equational theories of all action lattices and *-continuous
action lattices differ, even in the fragment without V and A
(for positive iteration).
Note that, as shown by Kozen, for the case without \ and / (but
with V) the equational theories coincide.

Open question 1: construct a concrete example of a formula valid
in all *-continuous action lattices, but not in all action lattices.

Open question 2: lower complexity bounds for ACTp,tt without
V and A.
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Example of a Non-*-continuous Action Lattice

A modification of Kozen's construction:

>

v

A={L}uU{(0,b) | beN}tU{(a,b)|a>1,bcZ}U{T}
Order: on (a, b)'s lexicographical, L. and T are min and max
resp.

- is commutative, L -a= 1, T-a=T (for a# 1),

(a1, b1) - (a2, b2) = (a1 + b1, a2 + b2).

This is a residuated structure (one can define a unique \ such
thata-b<c < b<a\c).

1*=1,(0,0)* =(0,0), for others x* = T.

There is no sup (0,1)", but (0,1)* = T is defined.

Any action algebra yields a positive iteration algebra with
at =a-a".
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System with Non-well-founded Derivations (L)

nm— A M —A TMy— A" NnAA—C MAATA—=C
n— At My, My — At AT, A — C

» We allow infinite branches in the proof tree.

» Correctness condition: for every infinite branch there exists an
active occurrence AT that undergoes the left rule infinitely
many times. Incorrect derivation example:

p—p p-—pt
p,pt — pt P
p—p p;pt = p
pt —=p

T
P (cut)

» LI is equivalent to L}}.
» Work in progress: cut elimination in LT, cf. works of
Shamkanov and Savateev.
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Example:
p—p p(pP\P)" —p

p,p\p—p p.p\p,(P\pP)" —p
p,(pP\p)" = p
(P\p)" = p\p
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System with Circular Proofs, L

n— A M — A Ty— A" NAA—C MAATA—=C
n— At My, My — A" AT, A—C

We allow to use the conclusion of the negative rule to be used as a
premise in its derivation tree (backlink).

Correctness condition: in each backlink, the active occurrence AT
in the premise should be tracked down to the same active
occurrence in the goal.

The circular system (with cut) is equivalent to Pratt's
axiomatisation for general action algebras.

Open question: a cut-free system? (cf. Jipsen 2004 for a different
approach).
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\B) =w(A)\w(B) ={ueXt|(Vvew(A) vwe w(B)}
JA)=w(B)/w(A) ={ueXt|(VvewA)u € w(B)}
= w(A) - w(B) ={uv|uew(A),vew(B)}

)={v1...un| v € w(A),n>1}

Theorem (M. Pentus 1995)
LFA— B < w(A) C w(B) for all w.

Open question: completeness of L}
A partial result [Ryzhkova 2013]: completeness for the fragment
without -, where ™ appears only as AT\ B or B/ A*.
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Nevertheless...

» the (in)equational theory of this formal language semantics is
also MY-hard;

» notice that for the full language with 1, v, and A
completeness is known to fail (1/p,1/p— 1/ p;
distributivity for V and A: true, but not derivable), but we still
have a M? lower bound (Buszkowski);

» M9 upper bound is an open question (partial results by
Buszkowski);

» the same for relational semantics (- is composition, R* is
transitive closure).
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Even More Complexity: Iteration and the Exponential

The exponential, !, governed by the following rules:

AA—C  A,....l1A,— B A —C
MAA—-C  AL... 1A, =5 1B T,JAA->C

o, JAA—-C TJAGA-SC  TIAIAAC

A®AC T,0AAC AN C
allows encoding derivation from a finite theory as a derivation of
one formula:
A1 = By,..., Ak = By FT — C = !(Al\Bl),...,!(Ak\Bk),l'—> C
Therefore,

» L with ! is undecidable (X9-complete): encoding derivations in
semi-Thue systems.

» L with ! and * is Mi-hard: encoding Kozen 2002 (deriving Horn
clauses in *-continuous Kleene algebra is Mi-complete).

Open question: M} upper bound.



Thanks™



