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_ ThetwoCrises |
Fields Medal of 2002

(From Notices of the AMS, vol. 49, no 10, by Allyn Jackson)

Vladimir Voevodsky made one of the most outstanding advances in algebraic
geometry in the past few decades by developing new cohomology theories
for algebraic varieties. This achievement has its roots in the work of 1966
Fields Medalist Alexandre Grothendieck.
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_ ThetwoCrises |
Fields Medal of 2002

(From Notices of the AMS, vol. 49, no 10, by Allyn Jackson)

Vladimir Voevodsky made one of the most outstanding advances in algebraic
geometry in the past few decades by developing new cohomology theories
for algebraic varieties. This achievement has its roots in the work of 1966
Fields Medalist Alexandre Grothendieck.

A major advance came when Voevodsky, building on a little-understood idea
proposed by Andrei Suslin, created a theory of “motivic cohomology".
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Fields Medal of 2002 (from Notices of the AMS, vol. 49, no
10)

One consequence of Voevodsky's work, and one of his most celebrated
achievements, is the solution of the Milnor Conjecture, which for three
decades was the main outstanding problem in algebraic K-theory.
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Fields Medal of 2002 (from Notices of the AMS, vol. 49, no
10)

One consequence of Voevodsky's work, and one of his most celebrated
achievements, is the solution of the Milnor Conjecture, which for three
decades was the main outstanding problem in algebraic K-theory.

This result has striking consequences in several areas, including Galois cohomolo
quadratic forms, and the cohomology of complex algebraic varieties.
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Fields Medal of 2002 (from Notices of the AMS, vol. 49, no
10)

One consequence of Voevodsky's work, and one of his most celebrated
achievements, is the solution of the Milnor Conjecture, which for three
decades was the main outstanding problem in algebraic K-theory.

This result has striking consequences in several areas, including Galois cohomolo
quadratic forms, and the cohomology of complex algebraic varieties.

[In 2009 Voevodsky proves the Bloch-Kato Conjecture that generalises the
John Milnor's Conjecture]
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Interview with Roman Mikhailov, 2012

Hauunas c ocenn 1997 51 y>ke noHUMasn, 4TO MO OCHOBHOIA BK1ag B TEOPUIO
MOTUBOB N MOTWBHble Koromosoruu caenad. C aToro BpemMeHm st 04eHb 0CO-
3HaHO 1 aKTUBHO WUCKaJ TEMY KOTOPOIA 51 Byay 3aHMMaTbLCs, KOr4a BbIMOJIHIO
cBOM 00si3aTeNbCTBA, CBsA3aHHbIE C runoTtesoii bnoxa-Karto. [...] Bugs Ten-
AEHLMN Pa3BUTMSi MaTEMATUKM KaK HAayKu, st MOHUMan 470 [.. .| MaTemaTuka
Haxof4MTCsl HA MOpPOre KpPM3nca, a TOYHEE [BYX KPU3MCOB.
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_ ThetwoCrisss |
Interview with Roman Mikhailov, 2012

Hauunas c ocenn 1997 51 y>ke noHUMasn, 4TO MO OCHOBHOIA BK1ag B TEOPUIO
MOTUBOB N MOTWBHble Koromosoruu caenad. C aToro BpemMeHm st 04eHb 0CO-
3HaHO 1 aKTUBHO WUCKaJ TEMY KOTOPOIA 51 Byay 3aHMMaTbLCs, KOr4a BbIMOJIHIO
cBOM 00si3aTeNbCTBA, CBsA3aHHbIE C runoTtesoii bnoxa-Karto. [...] Bugs Ten-
AEHLMN Pa3BUTMSi MaTEMATUKM KaK HAayKu, st MOHUMan 470 [.. .| MaTemaTuka
Haxof4MTCsl HA MOpPOre KpPM3nca, a TOYHEE [BYX KPU3MCOB.

MNepBbIli CBA3aH C OTPLIBOM MaTemMaTuKy "yucTtoii"oT MaTeMaTuku npuknag-
Hoii. MMOHSITHO, 4TO paHO WA MO3LHO BCTAHET BOMPOC O TOM, a NovemMy ob-
LLECTBO AOJIKHO NIATUTb LEHBIM JIIOASM, KOTOPblE 3aHUMAIOTCS Belamu,
HE NMEIOLNMI HUKAKNX NPAaKTUYECKUX MPUTIOXKEHWIA.
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Interview with Roman Mikhailov, 2012

Hauunas c ocenn 1997 51 y>ke noHUMasn, 4TO MO OCHOBHOIA BK1ag B TEOPUIO
MOTUBOB N MOTWBHble Koromosoruu caenad. C aToro BpemMeHm st 04eHb 0CO-
3HaHO 1 aKTUBHO WUCKaJ TEMY KOTOPOIA 51 Byay 3aHMMaTbLCs, KOr4a BbIMOJIHIO
cBOM 00si3aTeNbCTBA, CBsA3aHHbIE C runoTtesoii bnoxa-Karto. [...] Bugs Ten-
AEHLMN Pa3BUTMSi MaTEMATUKM KaK HAayKu, st MOHUMan 470 [.. .| MaTemaTuka
Haxof4MTCsl HA MOpPOre KpPM3nca, a TOYHEE [BYX KPU3MCOB.

AL

MMepBblii CBA3aH C OTPbIBOM MaTemaTukm "quctoin" ot MaTemaTrkn npuknaa-
Hoii. MMOHSITHO, 4TO paHO WA MO3LHO BCTAHET BOMPOC O TOM, a NovemMy ob-
LLEeCTBO AOJDKHO MAATUTb AEHbIM JIOASIM, KOTOpblE 3aHMMAKOTCA BELLAMMU,
He NMEIOLWUMN HUKAKNX NPaKTUYECKNX MPUNOXKEHWTA.

BTopoii, MmeHee o4eBMAHbIN, CBA3AH C YCIIOXKHEHMEM YUCTOU MaTeMaTUKMW,
KOTOpOe BefdeT K TOMY, YTO, ONATb >Xe& PaHO WM MO34HO, CTaTbW CTaHYT
C/INLLKOM CNOXHbIMU A1 A€Ta/IbHOM NPOBEPKMN N HAYHETCS MPOLLECC HAKoM-
NIEHNS HE3aMEeYEHHbIX OLINOOK.
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Interview with Roman Mikhailov, 2012, cntd

3HaAYUT, peLun 51, HY>KHO MOMbITATLCS CAENATh HEYTO, HTO MOMOXET MPeAoT-
BPaTWUTb 3TV KPU3MUCbl. B nepeom cinyyae 3T0 03HaYano, YTO HYXXHO HaWTM
TaKylo MPUKIaAHYyo 3ajady, koTopasi bbl TpeboBana Ansi CBOEro pelueHus
METOZ0B YMCTOM MaTEMATUKM, pa3paboTaHHbIX B MOCAEAHNE FOAbI UK XOTS
bbl pecsatunetus. [. .. ]
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_ ThetwoCrisss |
Interview with Roman Mikhailov, 2012, cntd

3HaAYUT, peLun 51, HY>KHO MOMbITATLCS CAENATh HEYTO, HTO MOMOXET MPeAoT-
BPaTWUTb 3TV KPU3MUCbl. B nepeom cinyyae 3T0 03HaYano, YTO HYXXHO HaWTM
TaKylo MPUKIaAHYyo 3ajady, koTopasi bbl TpeboBana Ansi CBOEro pelueHus
METOZ0B YMCTOM MaTEMATUKM, pa3paboTaHHbIX B MOCAEAHNE FOAbI UK XOTS
bbl pecsatunetus. [. .. ]

B pesynbTaTe A BIOpan, Kak cefiyac NoHUMAtO HEMpaBuibLHO, Npobaemy Boc-
CTAHOBJIEHUA UCTOPUN NONYASAUMIA NO UX COBPEMEHHOI FEHETUYECKO KOM-
nosuuun. S NpoBo3nica ¢ 3Toii 3agadveil B oOLWER CNOXHOCTM OKOJIO LBYX
JIeT 1 B KOHLE KoHLoB, y>xe B 2009 rogy, NOHsAA, 4TO TO, YTO 1 NpUAYMbIBa,
becnonesHo.
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Vladimir's unfinished project, see
https://arxiv.org/abs/2012.01150

BioSystems 204 (2021) 104391

Contents lists available at ScienceDirect

BioSystems

journal http v.elsevier.ce

()

Voevodsky’s unfinished project: Filling the gap between pure and
applied mathematics

Andrei Rodin

Instiute of Philosophy, Russian Academy of Sciences and Saint-Petersburg State University, Russia

ARTICLE INFO ABSTRACT

Keywords In a series of lectures given in 2003, soon after receiving the Fields Medal for his results in the Algebraic Ge-

Pure and applied mathematics ometry, Vladimir Voevodsky (1966-2017) identifies two strategic goals for mathematics, which he plans to

Population dynamics pursue in his further research. The first goal is to develop a “computerised library of mathematical knowledge,”

?:;ﬁ?l;".;'."::l‘;‘:?.‘y . which supports an automated proof-verification. The second goal is to “bridge pure and applied mathematics.”
Voevodsky's research towards the first goal brought about the new Univalent foundations of mathematics. In
view of the second goal Voevodsky in 2004 started to develop a mathematical theory of Population Dynamics,
which involved the Categorical Probability theory. This latter project did not bring published results and was
abandoned by Voevodsky in 2009 when he decided to focus his efforts on the Univalent foundations and closely
related topics. In the present paper, which is based on Voevodsky’s archival sources, I present Voevodsky's views
of mathematics and its relationships with natural sciences, critically discuss these views, and suggest how
Voevodsky's ideas and approaches in the applied mathematics can be further developed and pursued. A special
attention is given to Voevodsky’s original strategy to bridge the persisting gap between pure and applied
‘mathematics where computers and the computer-assisted mathematics play a major role.
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Interview with Roman Mikhailov, 2012, cntd

MapannensHo s Mckan nogxofbl K npobfaeme HakonsieHust owmnbok B pabo-
Tax Mo YUCTOW MaTeMaTuke. BblNo SACHO, YTO €AUHCTBEHHOE peLLEHUE - 3TO
CO3[aHME A3blka, HA KOTOPOM MaTeMaTU4YecKne JOKa3aTesibCTBa MOryT Mnu-
caTbCs NIOALMU B Takol (hopMe, YTO 3TO MOXHO DyAeT NpoBepsiTb Ha KOM-

nbOTEpPE.
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_ ThetwoCrisss |
Interview with Roman Mikhailov, 2012, cntd

MapannensHo s Mckan nogxofbl K npobfaeme HakonsieHust owmnbok B pabo-
Tax Mo YUCTOW MaTeMaTuke. BblNo SACHO, YTO €AUHCTBEHHOE peLLEHUE - 3TO
CO3[aHME A3blka, HA KOTOPOM MaTeMaTU4YecKne JOKa3aTesibCTBa MOryT Mnu-
caTbCs NIOALMU B Takol (hopMe, YTO 3TO MOXHO DyAeT NpoBepsiTb Ha KOM-
nbloTepe.

BrnnoTb go 2005 roga MHe Ka3anocbk, 4TO 3TO 3aja4a HamHoro bosee ciox-
Hasl Y4eM 3af,a4a UCTOPNYECKON reHeTNKN, KOTOPOIt st 3aHumancs. [... Ho 8]
2005 rogy MHe yaanock chopMyNMpoBaTh HECKOSILKO Aeli, KOTOpbIE HEOXKI-
[laHHO OTKPbIM HOBbIV NOAXOJ K OfHON U3 OCHOBHbIX MPob/ieM B OCHOBaHUAX
COBPEMEHHOI MaTeMaTUKN.
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HoTT Book 2013: an outcome of the Special Year
(2012-2013) on Univalent Foundations organised by IAS
Princeton

Homotopy
Type Theory

Univalent Foundations of Mathematics

THE UNIVALENT FOUNDATIONS PROGRAM
INSTITUTE FOR ADVANCED STUDY
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HoTT Book authors

Preface

IAS Special Year on Univalent Foundations

A Special Year on Univalent Foundations of Mathematics was held in 2012-13 at the Institute
for Advanced Study, School of Mathematics, organized by Steve Awodey, Thierry Coquand, and
Viadimir Voevodsky: The following peaple were the official participants.

Peter Aczel
Benedikt Ahrens
Thorsten Altenkirch
Steve Awodey
Bruno Barras
Andrej Baver

‘Yves Bertot

Marc Bezem

Thierry Coquand

Eric Finster Alvaro Pelayo
Andrew Polonsky

Michael Shulman

Daniel Grayson
Hugo Herbelin
André Joyal Matthicu Sozeau
Dan Licata Bas Spitters
Benno van den Berg
Viadimir Voevodsky
Michael Warren

Noam Zeilberger

Peter Lumsdaine
Assia Mahboubi
Per Martin-Lof

Sergey Melikhov

There were also the following students, whose participation was no less valuable.

Carlo Angiuli
Anthony Bordg

Guillaume Brunerie
Chris Kapulkin

Egbert Rijke

Kristina Sojakova

In addition, there were the following short- and long-term visitors, including student visitors,
whose contributions to the Special Year were also essential

Jeremy Avigad
Cyril Cohen

Robert Constable
Pierre-Louis Curien
Peter Dybjer

Martin Escardé
Kuen-Bang Hou
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Richard Garner NuolLi
Georges Gonthier Zhaohui Luo
Thomas Hales Michael Nahas

Robert Harper
Martin Hofmann
Pieter Hofstra
Joachim Kock

Erik Palmgren
Emily Riehl
Dana Scott
Philip Scott
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Vladimir's vision of mathematics

During my visit to IAS in February 2015 Vladimir told me that he did not
take part in the collective work on the HoTT Book. (This is confirmed by
other participants of the Special Year.) Vladimir did not approve on the Book
and considered to formally withdraw his name from the list of its authors.
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Vladimir's vision of mathematics

During my visit to IAS in February 2015 Vladimir told me that he did not
take part in the collective work on the HoTT Book. (This is confirmed by
other participants of the Special Year.) Vladimir did not approve on the Book
and considered to formally withdraw his name from the list of its authors.

The philosophical underpinning behind the HoTT Book, which was shared by
the majority of its authors, was apparently wholly alien to Vladimir's thinking
about the Univalent Foundations.
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Vladimir's vision of mathematics

During my visit to IAS in February 2015 Vladimir told me that he did not
take part in the collective work on the HoTT Book. (This is confirmed by
other participants of the Special Year.) Vladimir did not approve on the Book
and considered to formally withdraw his name from the list of its authors.

The philosophical underpinning behind the HoTT Book, which was shared by
the majority of its authors, was apparently wholly alien to Vladimir's thinking
about the Univalent Foundations.

But Vladimir's thinking about the Univalent Foundation did not reduce
to technical issues but made part of his visionary projects concerning the
future of mathematics. He had his own philosophical agenda that was not
represented in the HoTT Book and many related sources.
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Vladimir's vision of mathematics

During my visit to IAS in February 2015 Vladimir told me that he did not
take part in the collective work on the HoTT Book. (This is confirmed by
other participants of the Special Year.) Vladimir did not approve on the Book
and considered to formally withdraw his name from the list of its authors.

The philosophical underpinning behind the HoTT Book, which was shared by
the majority of its authors, was apparently wholly alien to Vladimir's thinking
about the Univalent Foundations.

But Vladimir's thinking about the Univalent Foundation did not reduce
to technical issues but made part of his visionary projects concerning the
future of mathematics. He had his own philosophical agenda that was not
represented in the HoTT Book and many related sources.

The present paper makes part of my effort to reconstruct Vladimir's vision,
understand and critically assess it, and possibly further develop.
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Automated poof verification and proof search

The idea of automated proof (including proof verification and proof search)
emerged in the 1950s along with the idea of Automated Intelligence. The
official date of birth of automated proof is December 1968 when a special
conference on the topic was held in Versaille. Working software AUTOMATH
was presented at that conference by Nicolas de Bruijn.
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Automated poof verification and proof search

The idea of automated proof (including proof verification and proof search)
emerged in the 1950s along with the idea of Automated Intelligence. The
official date of birth of automated proof is December 1968 when a special
conference on the topic was held in Versaille. Working software AUTOMATH
was presented at that conference by Nicolas de Bruijn.

In the USSR researches in automated proof were pursued since 1962 in the
newly created Institute of Cybernetics of Ukrainian Academy of Science in
Kiev under the supervision and directorship of Viktor Mikhailovich. Glushkov
(BukTtop Muxaiinosuy [nywkos). In 1970 Glushkov published a fundamental
paper (HeTopble npobiieMbl TEOPUM aBTOMATOB U UCKYCCTBEHHOTO NHTESIEK-
Ta), in which he formulated the modern concept of interactive proof-assistant
and suggested the idea of “evidence algorithm” (anroputm ouesngHocTn),
which was supposed to support a growing library of formalised mathematics.
Glushkov and his team successfully implemented these ideas in the so-called
“system of automated proof” (cucTema aBTOMaTMYECKOrO [OKA3ATENLCTB).
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Automated poof verification and proof search

Today there are many proof assistants on the market (Coq, Isbell, Nurpl,
more recently Lean), which do NOT use HoTT /UL
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Timeline
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© Correspondence
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|
Voevodsky to Rodin, January 27, 2016

V Npokna ecTb 4eTKOe NOHUMaHWE PasANyusi MEXAY CBOWCTBOM 1 CTPYKTY-
poii (CM. ero paccy>xfeHue 0 TOM YTO €CTb Yron B KOMMeHTapumn Ha EBknn-
Aa). OTHoLieHNe 3TO COBMECTHOE CBOWCTBO AByX unun bonee obwbektos. B
cpunocopun u MaTeEMaTMYHECKON JIOFKe OCHOBOW Mogenn Ymupa¥ sensieT-
€Sl COBOKYMHOCTb MPEAMETOB 1 COBOKYMHOCTb OTHOLUEHU MeXAY HUMW T.€.
COBOKYMHOCTb CBOWCTB HabOpPOB MpesmeToB.

MC OTHOweHne MexAy npegMeTamn uam eCcTb Uan ero HeT (A4Be npsimble
WAV NapasesbHbl UAKM HET), @ CTPYKTYpa MOXET MMETb bosiblue ofHOro
npeacrasutens (cm. Esknuga Mpokna 123 no ctaHgapTHORA Hymepauun).
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~ Comrespondence |
Voevodsky to Rodin, January 27, 2016, contd

Bonpoc koTopeblli MeHs1 NHTEpeCyeT 3TO KOrAa U Kak BO3HWKJIA 1 pacnpocTpa-
HUNacb CTpaHHas nAaest 4TO OCHOBY MUPa MOXHO OMMCaTb COBOKYMHOCTbIO
OTHOLLEHNAMN MeXAY NpefMeTaMu B MPOTUBOMOJIOXKHOCTE COBOKYMHOCTHU

COBMECTHbIX CTPYKTYp Ha Habopax npefMeToB.
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~ Comrespondence |
Voevodsky to Rodin, January 27, 2016, contd

Bonpoc koTopeblli MeHs1 NHTEpeCyeT 3TO KOrAa U Kak BO3HWKJIA 1 pacnpocTpa-
HWNACb CTpPaHHAs MAest 4TO OCHOBY MMPa MOXHO ONUCaTb COBOKYMHOCTbIO
OTHOLLUEHUAMMN MeXAy NpeiMeTaMy B MPOTUBOMNOJIOKHOCTb COBOKYMHOCTU
COBMECTHbIX CTPYKTYp Ha Habopax npeameTtoB. [onxeH Bbin 6bITe MOMEHT

Korga sTa uges bbina sIBHO NpeAcTaBfeHa Kak NogcobHoe ynpolleHue - ga-
BaiiTe Mon nonpobyem Asst Hayana Takoi A0 CMELIHOrO YNpPOLLEHHbIA Ba-

PUaHT Kak B MaTeMaTUKE PAcCMaTpUBAOT YNPOLLEHHbIA BapuaHT 3ajaqu
4TODObI ONPObOBaTL Ha HEM Ty WM UHYIO ODLLYIO NAELD.

Volodya
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~ Comrespondence |
Voevodsky to Rodin, January 27, 2016, contd

MC OTHoweHne Mexay npegmMeTamn wan ecTb uan ero HeT (ABe npsimble
WV NapasfesbHbl UKW HET), @ CTPYKTYpa MOXET MMeTb bosiblue ofHOro
npegcrasutens (cm. Esknuga MNpokna 123 no crangapTHoil Hymepaumn).
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|
Rodin to Voevodsky Janaury 30, 2016

Takoe NOHMMaHWe OTHOLUEHUS B UCTOPUW JIOTMKN OYeHb MO3AHEE; TOUYHYIO
hopMYNMPOBKY Takoro pofa BMEPBLIE MOXKHO HaliTh TosbKo y Ppere (xoTs
MO OH YTO-TO M MCMOJIb30Ban M3 bosiee paHHEro U CeroaHs 3abbiToro, 31O
Hago npoBepsiTb). Paccen cuurtan, 4o 3710 M30bpeTeHne Ppere nossonser

oboiliTn Bce BO3pakeHusi KaHTa no noBogy BO3MOXHOCTW CBEfjeHUs MaTe-
MaTWKN K Joruke |...]
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|
Rodin to Voevodsky Janaury 30, 2016

Takoe MOHMMaHNE OTHOLUEHUSI B UCTOPUU JIOTUKU OYeHb MO3AHEE; TOYHYHO
hopMYNMPOBKY Takoro pofa BMEPBLIE MOXKHO HaliTh TosbKo y Ppere (xoTs
MO OH YTO-TO M MCMOJIb30Ban M3 bosiee paHHEro U CeroaHs 3abbiToro, 31O
Hago npoBepsiTb). Paccen cuurtan, 4o 3710 M30bpeTeHne Ppere nossonser
oboiiT Bce Bo3paxkeHusi KaHTa no moBoAy BO3MOXHOCTW CBEAEHUSI MaTe-
MaTWKN K Joruke |...]

Russell 1918: “As | have attempted to prove in The Principles of Mathematics,
when we analyse mathematics we bring it all back to logic. ... In the present
lectures, | shall try to set forth in a sort of outline, rather briefly and rather
unsatisfactorily, a kind of logical doctrine which seems to me to result from
the philosophy of mathematics — not exactly logically, but as what emerges
as one reflects: a certain kind of logical doctrine, and on the basis of this a
certain kind of metaphysics.”
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|
Rodin to Voevodsky Janaury 30, 2016, contd.

A Tbl MOr Dbl YTOYHUTL, KaK MMEHHO Tbl NOHMMaeLWwb CTpykTypy? Ecnm aT1o
HE MHOXECTBO C HabOPOM OTHOLLEHUT, TO HTO?

Andrei
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~ Comrespondence |
Voevodsky to Rodin, 31, 2016, contd

B koHTekcTe KOTOpbIA bbll B MOEM COOBLIEHNI CTPYKTYpa Ha HECKOSbKUX
0bbeKTax 3TO HEYTO YTO MOXKET CBSA3bIBATb 3TN OOBEKTHI HECKONLKIMM pa3-
HbIMU cnocobamu. OTHOLWEHNE OHO I €CTb WJIN €rO HET, T.€., 34eChb CBA3b
WK €CTb WUN HET, MHOXECTBO BO3MOXHbIX BAPMAHTOB 3TOW CBSA3M €CTb UK
NyCTOE MHOXECTBO WJIN MHOXECTBO M3 oaHoro anemenTta. CTpykTypa 370
CBSI3b MHOXKECTBO BapuaHTOB KOTOPOU MOXET MMeTb boJiblue OAHOro ane-
MeHTa. 3aMeTb, YTO NpW TakoM onpegeneHnn otHowenmne mexay A n b ectb
4acTHbIl cy4vail cTpykTypbl Ha coBokynHoctu {A,B}.
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~ Comrespondence |
Voevodsky to Rodin, 31, 2016, contd

Y10 KacaeTcs TOro 4TO uaes UCNoNb30BaTh OTHOLLEHUS NOSABUAACL CHaYana
B JIOTWKE TO 51 B O5TOM coMHeBatock. [locmoTpu “MeTacbusnky” JloTze. Tam,
nepBeble CTPaHUL, CTO NOCBSILLEHbI OBCYXXAEHWNIO KapTUHbI MUPa B KOTOPOI
OCHOBOWI SIBJSIETCSI MHOXECTBO ODBEKTOB 1 OTHOLIEHUI MeXAy HUMU. XoTs
370 no mMoemy nocne ®Ppere (kctaTn B nepeoii pabote Byns, Toxe 0bbekThI
1 OTHOLLEHUS, KCTaTn Bynb MoxeT BbITh AaXke JaeT CCbIKY Ha TO OTKyAa
OH 3TO B35N1), 5 COMHeBatoch 4Tobbl Jlogze untan Ppere (nnn Byns).

Volodya
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© Proclus on Euclid’s definition of plane angle
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_ Proclus on Euclid's definition of plane angle |
Euclid's Def. 1.8.

nockunii yron — 3T0 HAKJIOH APYr K APYrY ABYX JINHWIA, KOTOpbIE B MJIOCKO-
CTW BCTPeYaloT APYr APYra U He JieXXaT HA OfHOW NPsMOIA.
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_ Proclus on Euclid's definition of plane angle |
Remarks on Euclid's Def.1.8.
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_ Proclus on Euclid's definition of plane angle |
Remarks on Euclid's Def.1.8.

@ Def. 1.8. defines a plane linear angle, which covers curvilinear angles
(e.g. between a tangent to a circle and the circumference of this
circle). The concept of rectilinear plane angle is defined in the
following Def.1.9.: Korga yron 3ak/ito4atoT npsimble JIMHUN [TO eCTb
CTOPOHbI Yr/1a NPsiMble], OH Ha3bIBAETCS MPSIMOJIMHERHbIM.
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_ Proclus on Euclid's definition of plane angle |
Remarks on Euclid's Def.1.8.

@ Def. 1.8. defines a plane linear angle, which covers curvilinear angles
(e.g. between a tangent to a circle and the circumference of this
circle). The concept of rectilinear plane angle is defined in the
following Def.1.9.: Korga yron 3ak/ito4atoT npsimble JIMHUN [TO eCTb
CTOPOHbI Yr/1a NPsiMble], OH Ha3bIBAETCS MPSIMOJIMHERHbIM.

@ Straight angles (passepHryTbie yrnbl) are ruled out by Def.1.8. These
objects are not angles in Euclid's sense. The measure of Euclid's
angles is always < 7.
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_ Proclus on Euclid's definition of plane angle |
Remarks on Euclid's Def.1.8.

@ Def. 1.8. defines a plane linear angle, which covers curvilinear angles
(e.g. between a tangent to a circle and the circumference of this
circle). The concept of rectilinear plane angle is defined in the
following Def.1.9.: Korga yron 3ak/ito4atoT npsimble JIMHUN [TO eCTb
CTOPOHbI Yr/1a NPsiMble], OH Ha3bIBAETCS MPSIMOJIMHERHbIM.

@ Straight angles (passepHryTbie yrnbl) are ruled out by Def.1.8. These
objects are not angles in Euclid's sense. The measure of Euclid's
angles is always < 7.

@ In Book 11 of the Elements, which belongs to the stereometric part of
the Elements, one finds more angle-related definitions (Def.11.5,6,7)
including the definition of solid (i.e. 3-dimensional) angle (Def.11.11).
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_ Proclus on Euclid's definition of plane angle |
Remarks on Euclid's Def.1.8.

@ Def. 1.8. defines a plane linear angle, which covers curvilinear angles
(e.g. between a tangent to a circle and the circumference of this
circle). The concept of rectilinear plane angle is defined in the
following Def.1.9.: Korga yron 3ak/ito4atoT npsimble JIMHUN [TO eCTb
CTOPOHbI Yr/1a NPsiMble], OH Ha3bIBAETCS MPSIMOJIMHERHbIM.

@ Straight angles (passepHryTbie yrnbl) are ruled out by Def.1.8. These
objects are not angles in Euclid's sense. The measure of Euclid's
angles is always < 7.

@ In Book 11 of the Elements, which belongs to the stereometric part of
the Elements, one finds more angle-related definitions (Def.11.5,6,7)
including the definition of solid (i.e. 3-dimensional) angle (Def.11.11).

@ One does not find among these definitions, however, the concept of
two-dimensional non-plane angle like an angle formed by two
intersecting great circles of a sphere.
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Proclus’ problem

To classify geometrical angles into (one or more of) these there categories
borrowed from Aristotle’s list of 10 categories found in his Organon:
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Proclus’ problem

To classify geometrical angles into (one or more of) these there categories
borrowed from Aristotle’s list of 10 categories found in his Organon:

o relation (Def.1.8.)
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Proclus’ problem

To classify geometrical angles into (one or more of) these there categories
borrowed from Aristotle’s list of 10 categories found in his Organon:

o relation (Def.1.8.)
e quality (a special kind of figure like a circle),
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Proclus’ problem

To classify geometrical angles into (one or more of) these there categories
borrowed from Aristotle’s list of 10 categories found in his Organon:

o relation (Def.1.8.)
e quality (a special kind of figure like a circle),

@ quantity (a measurable magnitude )
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Proclus' conclusion

Proclus’ conclusion is uncertain: he claims that angles do not fall under any

of the three categories precisely but at the same time combine aspects of all
these categories.
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Proclus' conclusion

Proclus’ conclusion is uncertain: he claims that angles do not fall under any
of the three categories precisely but at the same time combine aspects of all
these categories.

In the relevant fragment of his Commentary Proclus (1) assumes that Euclid's
Def.1.8. defines angle as a relation (of “inclination” (B3aumHblIii HaknoH) of
two intersecting lines) and (2) provides an argument intended to show that
this definition is not appropriate.
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Proclus’ commentary on Def.1.8.

Ecnun yron siBnsietcst Haknonowm, [as in Euclid's Def. 1.8.] u B uenom otHo-
LUEHNEM, TO TOrAa OAHOMY HAKJIOHY COOTBETCTBYET OAWH YroJl, @ HE MHOTHE.
Beab ecin yron - He 4TO MHOE, KaK OTHOLLEHWE JINHUIA MK NJIOCKOCTEN, Kak
MOXET ObITb OAHO OTHOLLUEHWNE, HO MHOTO YrioB?
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Proclus’ commentary on Def.1.8.

Ecnun yron siBnsietcst Haknonowm, [as in Euclid's Def. 1.8.] u B uenom otHo-
LUEHNEM, TO TOrAa OAHOMY HAKJIOHY COOTBETCTBYET OAWH YroJl, @ HE MHOTHE.
Beab ecin yron - He 4TO MHOE, KaK OTHOLLEHWE JINHUIA MK NJIOCKOCTEN, Kak
MOXET ObITb OAHO OTHOLLUEHWNE, HO MHOTO YrioB?

Ecnu Tbl npepnctaBuwb cebe KOHYC, pacceyeHHbli TPeyrosibHUKOM OT Bep-
LWWNHBI 4O OCHOBaHUSA, Thl YBUAWLIb NPU BEPLUMHE MONYKOHYCA OAWH HAKJ/IOH
JINHWIA TPeyrosbHUKA, HO ABa Pa3HbIX Yrfa: OAWH — MNJOCKUIA Yron Tpeyrojb-
HUKa, APYroil — Yroa Ha CMeLLaHHON NOBEPXHOCTU KOHYCa; ofiHaKo oba 3Tu
yrna orpaHuYeHbl AByMsi yNomsiHyTeiMu uHusMu. CTano 6biTe, OTHOLWEHNE
JMHUIA He Npon3BOANT yrna.
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Proclus’ cone construction

The same relation of inclination between straight lines OA, OB produces two
different angles ZAOBp and ZAOBc.
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@ Some hints to Homotopy Type theory
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Proclus’ argument in Vladimir' terms

Angle is a structure over pair OA, OB but not a relation that holds over this
pair of terms.
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Proclus’ argument in Vladimir' terms

Angle is a structure over pair OA, OB but not a relation that holds over this
pair of terms.

“[A] structure on several objects is an entity that can link these objects in a
number of different ways.”
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Proclus’ argument in Vladimir' terms
Angle is a structure over pair OA, OB but not a relation that holds over this
pair of terms.

“[A] structure on several objects is an entity that can link these objects in a
number of different ways.”

Angles ZAOBp and ZAOBc link lines OA, OB in two different ways.
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HoTT

In HoTT/UF we have a similar situation: terms (points) A, B are identified
via different non-homotopical paths p, g; homotopical paths can be identified
via non-equivalent path homotopies, and so on up to the infinite hierarchy

of homotopy levels.

34 / 63
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HoTT

In HoTT/UF we have a similar situation: terms (points) A, B are identified
via different non-homotopical paths p, g; homotopical paths can be identified
via non-equivalent path homotopies, and so on up to the infinite hierarchy
of homotopy levels.

Example: higher identity types : g, p: A=s B, hi,ho: g =a=sB P, - ..

Identity is a multi-level structure but not a mere relation! In HoTT this
feature of identity predicate is transferred (“transported”) to all predicates
(including non-monadic ones usually called and understood as relations).
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Example: hypothetical gravitational lensing around a
wormhole in spacetime
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© Two reconstructions of Proclus’ argument
@ Classical reconstruction
@ Constructive reconstruction
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Is Proclus' cone construction relevant to Def.1.8.7

Proclus’ argument involves a non-plane angle ZAOB¢. Such angles are
not defined in Euclid’'s Elements. One may argue that this makes Proclus’
argument irrelevant.
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Is Proclus' cone construction relevant to Def.1.8.7

Proclus’ argument involves a non-plane angle ZAOB¢. Such angles are
not defined in Euclid’'s Elements. One may argue that this makes Proclus’
argument irrelevant.

Proclus’ argument can be saved, nevertheless, with the following additional
argument: since (two-dimensional non-plane) angle cannot be defined as a
relation of lines in the solid (3D) geometry, it should not be so defined in
the plane (2D) geometry either — because the plane geometry is a special
case of the solid geometry
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What Proclus’ argument does not say

It does not say that a mathematical concept that fails to specify a unique
mathematical object (that falls under this concept) is ill-defined.
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What Proclus’ argument does not say

It does not say that a mathematical concept that fails to specify a unique
mathematical object (that falls under this concept) is ill-defined.

Indeed, meaningful mathematical concepts may have infinite extensions (like
“point” or “triangle”), singular extensions (like “empty set”) or empty extensions
(like “the largest prime number”). So the character of extension has no
bearing on the validity of mathematical concepts and their definitions.
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What Proclus’ argument does not say

It does not say that a mathematical concept that fails to specify a unique
mathematical object (that falls under this concept) is ill-defined.

Indeed, meaningful mathematical concepts may have infinite extensions (like
“point” or “triangle”), singular extensions (like “empty set”) or empty extensions
(like “the largest prime number”). So the character of extension has no
bearing on the validity of mathematical concepts and their definitions.

What is wrong then about the fact that in Proclus’ cone construction two
(in fact, three!) rather than just one angle fall under Euclid's definition?
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What Proclus’ argument does say

Proclus’ argument has to do with how instances of defined concepts are
identified.
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What Proclus’ argument does say

Proclus’ argument has to do with how instances of defined concepts are
identified.

Proclus’ assumption: Relational Uniqueness (RU):

An instance of a binary relation, (say OA < OB where < stands for
“inclination”), is fully identified when its relata (OA and OB in our case)
are identified.
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What Proclus’ argument does say

Proclus’ argument has to do with how instances of defined concepts are
identified.

Proclus’ assumption: Relational Uniqueness (RU):

An instance of a binary relation, (say OA < OB where < stands for
“inclination”), is fully identified when its relata (OA and OB in our case)
are identified.

Corollary:

An instance of a binary relation is an (ordered) pair of items that hold that
relation.

Anppeii Pogun (Archives Henri Poincaré, [RITERISNVES SSIVES 7T i ¢ )70e o TSI ) 8 sinBapsi 2025 39 /63



N L i
Grounding RU: Pairing in ZF

For all items (sets) X, Y, there exist unique non-ordered pair (X, Y). (Pairing
and Extensionality in the ZF). This suffices for symmetric relations like .
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N L i
Grounding RU: Pairing in ZF

For all items (sets) X, Y, there exist unique non-ordered pair (X, Y). (Pairing
and Extensionality in the ZF). This suffices for symmetric relations like .

For non-symmetric relations one needs a notion of ordered pair. The similar
uniqueness principle for ordered pairs can be justified with ZF only via fixing
a particular representation of ordered pairs with sets like

o < X,Y >:={{X},{X, Y}} (Kuratowski)

o < X,Y >={{X,1},{Y,2}} (Haussdorf)
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N L i
Grounding RU: Pairing in ZF

For all items (sets) X, Y, there exist unique non-ordered pair (X, Y). (Pairing
and Extensionality in the ZF). This suffices for symmetric relations like .

For non-symmetric relations one needs a notion of ordered pair. The similar
uniqueness principle for ordered pairs can be justified with ZF only via fixing
a particular representation of ordered pairs with sets like

o < X,Y >:={{X},{X, Y}} (Kuratowski)
o < X,Y >={{X,1},{Y,2}} (Haussdorf)

The identification of ordered pairs across their set-theoretic representations
is a Benacerraf-style challenge.
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Proclus" argument in the nutshell (classically)
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Proclus" argument in the nutshell (classically)

© Assume that lines OA, OB are well-identified individual objects.
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Proclus" argument in the nutshell (classically)

© Assume that lines OA, OB are well-identified individual objects.
© Assume RU.
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Proclus" argument in the nutshell (classically)

© Assume that lines OA, OB are well-identified individual objects.
© Assume RU.

© Using the cone construction show that pair (OA, OB) such that
OA 1 OB gives rise to two different angles ZAOBp and ZAOBc.
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Proclus" argument in the nutshell (classically)

© Assume that lines OA, OB are well-identified individual objects.
© Assume RU.

© Using the cone construction show that pair (OA, OB) such that
OA 1 OB gives rise to two different angles ZAOBp and ZAOBc.

@ Conclude that angle cannot be soundly defined as pair lines such as
(OA, OB) that stand in a certain relation (such as Euclid's relation of
inclination OA 1 OB).
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Is the above reconstruction of Proclus’ argument
illuminating?

It is transparent but it does not highlight the distinction between relations
and structures.
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Is the above reconstruction of Proclus’ argument
illuminating?

It is transparent but it does not highlight the distinction between relations
and structures.

In what follows | provide an alternative constructive reconstruction of Proclus’
argument, which is based on constructive logical principles used in HoTT.
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The truth of a proposition and the validity of a judgement
(after Martin-Lof)

OA 1 OB is a proposition, ZAOB : OA <1 OB is a judgement where

ZAOB witnesses (proves) the fact that relation OA <1 OB holds (and hence
proposition OA 1 OB is true).
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The truth of a proposition and the validity of a judgement
(after Martin-Lof)

OA 1 OB is a proposition, ZAOB : OA <1 OB is a judgement where
ZAOB witnesses (proves) the fact that relation OA <1 OB holds (and hence

proposition OA 1 OB is true).

The circularity of Def.1.8. under the above interpretation is not now of our

concern.
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The truth of a proposition and the validity of a judgement
(after Martin-Lof)

OA 1 OB is a proposition, ZAOB : OA <1 OB is a judgement where
ZAOB witnesses (proves) the fact that relation OA <1 OB holds (and hence
proposition OA 1 OB is true).

The circularity of Def.1.8. under the above interpretation is not now of our
concern.

In the constructive logic one does not assume that propositions have their
truth-values independently of one's reasoning. A proposition qualifies as true
if it has a proof. It qualifies as false if there is a proof that it has no proof.
A proposition may remain undecided and/or be provably undecidable.
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Constructive version of RU

RUC:

Proposition P (in particular, one of the form xRy) has at most one proof
(aka witness).

Anppeii Pogun (Archives Henri Poincaré, [RITERIISNVES SSIVES 7Tl ¢ 708 4 TSI <) 8 sinBapsi 2025 44 / 63



Constructive interpretation of Proclus’ argument
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Constructive interpretation of Proclus’ argument

© Assume that lines OA, OB are well-identified individual objects.
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Constructive interpretation of Proclus’ argument

© Assume that lines OA, OB are well-identified individual objects.
@ Assume RUC.
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Constructive interpretation of Proclus’ argument

© Assume that lines OA, OB are well-identified individual objects.
@ Assume RUC.

© Assume that OA 1 OB is a well-formed proposition, and that angle
ZAOB is its unique witness, which is identified with this proposition.
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Constructive interpretation of Proclus’ argument

Assume that lines OA, OB are well-identified individual objects.
Assume RUC.

Assume that OA <1 OB is a well-formed proposition, and that angle
ZAOB is its unique witness, which is identified with this proposition.

© 00

@ Using the cone construction show that the pair (OA, OB) gives rise to
two different angles ZAOBp and ZAOB¢ none of which can be
identified with the hypothetical angle ZAOB.
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Constructive interpretation of Proclus’ argument

Assume that lines OA, OB are well-identified individual objects.
Assume RUC.

Assume that OA <1 OB is a well-formed proposition, and that angle
ZAOB is its unique witness, which is identified with this proposition.

© 00

@ Using the cone construction show that the pair (OA, OB) gives rise to
two different angles ZAOBp and ZAOB¢ none of which can be
identified with the hypothetical angle ZAOB.

@ Conclude using RUC that angles cannot be defined (and identified) as
the witnesses of a proposition of the form X > Y. Thus angle cannot
be defined as a relation (between its sides).
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I B oo
Is RUC justified?
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I B oo
Is RUC justified?

One can argue that RUC is not justified because proposition, generally, may
have many different proofs. Mathematics provides many such examples.
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I B oo
Is RUC justified?

One can argue that RUC is not justified because proposition, generally, may
have many different proofs. Mathematics provides many such examples.

In order to reply to this straightforward objection, one needs to be more
specific about the concept of proposition. In HoTT there is a convention
according to wich only types with at most one term are called by the name
of proposition (or mere proposition).
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Homotopical hierarchy of types

The idea behind this terminological choice is that proposition P with set S
is a higher-order structure that should be distinguished from the proposition
itself. P can be obtained from S by identifying all its elements if there are
some, and leaving it empty otherwise. So we get constructive counterparts of
classical truth-values: a proposition either has a proof (i.e., is constructively
true), or (provably) has no proof (i.e., is constructively false).
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I B oo
Homotopical hierarchy of types

The idea behind this terminological choice is that proposition P with set S
is a higher-order structure that should be distinguished from the proposition
itself. P can be obtained from S by identifying all its elements if there are
some, and leaving it empty otherwise. So we get constructive counterparts of
classical truth-values: a proposition either has a proof (i.e., is constructively
true), or (provably) has no proof (i.e., is constructively false).

The universe of structures in HoTT is not limited to sets. Sets are sitting
just next to propositions in the homotopical type hierarchy. After sets come
groupoids, which geometrically are interpreted as sets of points provided by
multiple distinguishable (up to homotopy) paths between the points.
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I B oo
Homotopical hierarchy of types

The idea behind this terminological choice is that proposition P with set S
is a higher-order structure that should be distinguished from the proposition
itself. P can be obtained from S by identifying all its elements if there are
some, and leaving it empty otherwise. So we get constructive counterparts of
classical truth-values: a proposition either has a proof (i.e., is constructively
true), or (provably) has no proof (i.e., is constructively false).

The universe of structures in HoTT is not limited to sets. Sets are sitting
just next to propositions in the homotopical type hierarchy. After sets come
groupoids, which geometrically are interpreted as sets of points provided by
multiple distinguishable (up to homotopy) paths between the points.

Then come 2-groupoids interpreted as above plus distinguishable homotopies
(up to 2-homotopies), and so on up along the homotopical ladder.
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Following Proclus: Is (group) isomorphism a relation?

No, because given a pair of groups Gi, G, one can, generally, identify more
than one isomorphism of the form i : G; = G,.
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Following Proclus: Is (group) isomorphism a relation?

No, because given a pair of groups Gi, G, one can, generally, identify more
than one isomorphism of the form i : G; = G,.

Thus isomorphism is a map (or a higher-dimensional cell) rather than a
relation.
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Following Proclus: Is (group) isomorphism a relation?

No, because given a pair of groups Gi, G, one can, generally, identify more
than one isomorphism of the form i : G; = G,.

Thus isomorphism is a map (or a higher-dimensional cell) rather than a
relation.

But one can also define an iso-relation as follows: two groups are isomorphic
G1, Go, in symbols G; ~ G,, when there exist an iso-map of i : G; — Gp.
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Following Proclus: Is (group) isomorphism a relation?

No, because given a pair of groups Gi, G, one can, generally, identify more
than one isomorphism of the form i : G; = G,.

Thus isomorphism is a map (or a higher-dimensional cell) rather than a
relation.

But one can also define an iso-relation as follows: two groups are isomorphic
G1, Go, in symbols G; ~ G,, when there exist an iso-map of i : G; — Gp.

The concept of iso-relation is a truncated version of that of iso-map (or

iso-cell). In this case the truncation amounts to collapsing of all iso-maps
(iso-cells) of a given type into a single term (object).
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Following Proclus: Is (group) isomorphism a relation?

Now let us consider the same problem in a constructive setting. Suppose we
have an algorithm A that for a given pair of groups Gy, G, either effectively
computes an iso-map i : G; — Go or proves that such an iso-map does not
exist. Thus A decides whether G; ~ G, holds by constructing an iso-map.

Does judgement i : G; — G, fully convey us the “constructive meaning” of
isomorphism?
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Following Proclus: Is (group) isomorphism a relation?

Now let us consider the same problem in a constructive setting. Suppose we
have an algorithm A that for a given pair of groups Gy, G, either effectively
computes an iso-map i : G; — G or proves that such an iso-map does not
exist. Thus A decides whether G; ~ G, holds by constructing an iso-map.
Does judgement i : G; — G, fully convey us the “constructive meaning” of
isomorphism?

Remark: The isomorphism problem is known to be algorithmically undecidable
in the general case. (The decidability problem was formulated by M. Dehn in
1911 and solved by P.S. Novikov in 1955). The group isomorphism problem
is, however, decidable for some special classes of groups.
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Following Proclus: Is (group) isomorphism a relation?

Since judgment i : Gy ~ Gy requires performing iso-map 7, knowing that
Gi1 = G, and knowing-how to perform i amount to the same. So one may
be inclined to answer the above question positively.
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Following Proclus: Is (group) isomorphism a relation?

Since judgment i : Gy ~ Gy requires performing iso-map 7, knowing that
Gi1 = G, and knowing-how to perform i amount to the same. So one may
be inclined to answer the above question positively.

This judgement does not fully convey us the meaning of the concept of iso-

map, however, because it doesn't tell us how to distinguish one such map
from another one.
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Following Proclus: Is (group) isomorphism a relation?

Since judgment i : Gy ~ Gy requires performing iso-map 7, knowing that
Gi1 = G, and knowing-how to perform i amount to the same. So one may
be inclined to answer the above question positively.

This judgement does not fully convey us the meaning of the concept of iso-
map, however, because it doesn't tell us how to distinguish one such map
from another one.

Cf. Quine's motto No entity without identity. The type of iso-maps of the
form i : Gy ~ Gy is a set-level type but not a propositional type .
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@ Mathematical Structuralism and the Set-Level Mathematics
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Structuralist Principle

Mathematical Structuralism is a view according to which mathematical objects
are structures. This view exists in many varieties that provide more than one

conception of mathematical structure. But all these conceptions share the

following basic structuralist principle (SP):

Isomorphic structures are the same.

(think of isomorphic algebraic groups, for example)
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Structuralist Principle

Mathematical Structuralism is a view according to which mathematical objects
are structures. This view exists in many varieties that provide more than one
conception of mathematical structure. But all these conceptions share the
following basic structuralist principle (SP):

Isomorphic structures are the same.

(think of isomorphic algebraic groups, for example)

Mathematical Structuralism as presented in Jean Dieudonné’s manifesto of
1950 The Architecture of Mathematics was a driving idea behind Bourbaki's
project of (re-)building mathematics on set-theoretic foundations.
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Bencarraf Problem and the “Disappearance of sets”

But as it was stressed by Paul Bencerraf in 1965, the standard set-theoretic
foundations could not support SP: two sets that represents isomorphic structure
generally, are not equal (in the sense of the equality predicate making part
of the underlying set theory). Think of natural numbers, ordered pairs, etc
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Bencarraf Problem and the “Disappearance of sets”

But as it was stressed by Paul Bencerraf in 1965, the standard set-theoretic
foundations could not support SP: two sets that represents isomorphic structure
generally, are not equal (in the sense of the equality predicate making part
of the underlying set theory). Think of natural numbers, ordered pairs, etc

Remarkably, Dieudonné in his 1950 manifesto suggests that the set-theoretic
foundation is not an essential part of Bourbaki project and even claims that

“[T]he notion of set itself disappeared [...] in the light of the recent work
on logical formalism”, so that “mathematical structures become, properly
speaking, the only “objects” of mathematics.”
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Bencarraf Problem and the “Disappearance of sets”

But as it was stressed by Paul Bencerraf in 1965, the standard set-theoretic
foundations could not support SP: two sets that represents isomorphic structure
generally, are not equal (in the sense of the equality predicate making part
of the underlying set theory). Think of natural numbers, ordered pairs, etc

Remarkably, Dieudonné in his 1950 manifesto suggests that the set-theoretic
foundation is not an essential part of Bourbaki project and even claims that

“[T]he notion of set itself disappeared [...] in the light of the recent work
on logical formalism”, so that “mathematical structures become, properly
speaking, the only “objects” of mathematics.”

As far as | can see, this claim in 1950 was nothing but a wishful thinking.
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SP and Univalence

HoTT/UF (as presented in the HoTT Book of 2013) provides an effective
solution of Benacerraf's problem and thus makes real the long-standing
structuralist dream: in this framework, there is a sense in which all isomorphic

types are identical.
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SP and Univalence

HoTT/UF (as presented in the HoTT Book of 2013) provides an effective
solution of Benacerraf's problem and thus makes real the long-standing
structuralist dream: in this framework, there is a sense in which all isomorphic
types are identical.

This is how the Univalence Axiom can be put in words (with some risk of
misinterpreting the mathematical statement):

e :(A =TYPE B)’: (AZ B)
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Vladimir's conception of mathematical structure vs. the
standard conception

In some of his talks Vladimir mentions SP as a motivation for developing
UF but he does not include it in his 2014 programmatic talk and paper The
Origins and Motivations of Univalent Foundations. Apparently he considers
the solution of the Benacerraf problem as a secondary issue.
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Vladimir's conception of mathematical structure vs. the
standard conception

In some of his talks Vladimir mentions SP as a motivation for developing
UF but he does not include it in his 2014 programmatic talk and paper The
Origins and Motivations of Univalent Foundations. Apparently he considers
the solution of the Benacerraf problem as a secondary issue.

Neither Vladimir refers to SP in his definition of mathematical structure
given in 2016 by my request. Thus Vladimir's conception of structure is
“orthogonal” to the standard conception.
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Vladimir's conception of mathematical structure vs. the
standard conception

In some of his talks Vladimir mentions SP as a motivation for developing
UF but he does not include it in his 2014 programmatic talk and paper The
Origins and Motivations of Univalent Foundations. Apparently he considers
the solution of the Benacerraf problem as a secondary issue.

Neither Vladimir refers to SP in his definition of mathematical structure
given in 2016 by my request. Thus Vladimir's conception of structure is
“orthogonal” to the standard conception.

Remarkably, in HoTT/UF the two conceptions of structure have the same
extension: each type is a structure in the standard sense (as an object
satisfying SP) and each type is a structure in Vladimir's sense. But Vladimir's
conception of structure unlike the standard conception (in the given setting)
does not require the Univalence.
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Mathematics beyond the set level

Vladimir's motivation behind his conception of structure was to develop
new mathematics beyond the Borubaki-style set-level mathematics. As an
example of such mathematics Vladimir could point to Motive theory.
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Mathematics beyond the set level

Vladimir's motivation behind his conception of structure was to develop
new mathematics beyond the Borubaki-style set-level mathematics. As an
example of such mathematics Vladimir could point to Motive theory.

Motive theory could be and was developed earlier without the HoTT/UF
machinery but this machinery, in Vladimir's view, could provide a better
formal foundation for it and support automated proof-checking of proofs in
this theory. The project of UF-formalising and proof-checking of Vladimir's
results in Motive theory has not been realised during his lifetime and remains
so far an open problem.

Structures of higher homotopy levels often (perhaps always?) can be encoded
into the standard set-level structures. For example a groupoid can be so
encoded as a multigraph with a partical operation of composition on its
arrows. But such a reduction of higher homotopy levels to the level of sets
is not epistemically advantageous and thus does not devaluate the idea of

“going beyond" the set-level mathematics.
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@ Open Problems
@ Philosophy
@ History
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Brief history of Mathematical Structuralism
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Brief history of Mathematical Structuralism

@ 1850-1900: Novel ways of mathematical reasoning: Grassmann, Peano,
Dedekind, Hilbert, ... (conceptual change/discovery);
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Brief history of Mathematical Structuralism

@ 1850-1900: Novel ways of mathematical reasoning: Grassmann, Peano,
Dedekind, Hilbert, ... (conceptual change/discovery);

@ 1900-1910: Some philosophers pay a close attention to and analyse
these novelties: Cassirer, Russell, ... (philosophical breakthrough);
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@ 1850-1900: Novel ways of mathematical reasoning: Grassmann, Peano,
Dedekind, Hilbert, ... (conceptual change/discovery);

@ 1900-1910: Some philosophers pay a close attention to and analyse
these novelties: Cassirer, Russell, ... (philosophical breakthrough);

@ 1950: Bourbaki (Dieudonné) Structuralist Manifesto (reconstruction);
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Brief history of Mathematical Structuralism

@ 1850-1900: Novel ways of mathematical reasoning: Grassmann, Peano,
Dedekind, Hilbert, ... (conceptual change/discovery);

@ 1900-1910: Some philosophers pay a close attention to and analyse
these novelties: Cassirer, Russell, ... (philosophical breakthrough);

@ 1950: Bourbaki (Dieudonné) Structuralist Manifesto (reconstruction);

@ 1965: Benacerraf (logical/philosophical problematisation);
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Brief history of Mathematical Structuralism

@ 1850-1900: Novel ways of mathematical reasoning: Grassmann, Peano,
Dedekind, Hilbert, ... (conceptual change/discovery);

@ 1900-1910: Some philosophers pay a close attention to and analyse
these novelties: Cassirer, Russell, ... (philosophical breakthrough);

@ 1950: Bourbaki (Dieudonné) Structuralist Manifesto (reconstruction);
@ 1965: Benacerraf (logical/philosophical problematisation);

@ Since 1980: Developing of Mathematical Structuralism as an
ahistorical theoretical doctrine: Reznik, Shapiro, Hellman, Parsons, ...
(philosophical sedimentation);
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Brief history of Mathematical Structuralism

@ 1850-1900: Novel ways of mathematical reasoning: Grassmann, Peano,
Dedekind, Hilbert, ... (conceptual change/discovery);

@ 1900-1910: Some philosophers pay a close attention to and analyse
these novelties: Cassirer, Russell, ... (philosophical breakthrough);

@ 1950: Bourbaki (Dieudonné) Structuralist Manifesto (reconstruction);
@ 1965: Benacerraf (logical/philosophical problematisation);

@ Since 1980: Developing of Mathematical Structuralism as an
ahistorical theoretical doctrine: Reznik, Shapiro, Hellman, Parsons, ...
(philosophical sedimentation);

@ 2013: Solution of Benacerraf Problem with UF (accomplishment).
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Does Structuralism have a future?

The solution of Benacerraf Problem provided with UF is impressive but . ..
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Does Structuralism have a future?

The solution of Benacerraf Problem provided with UF is impressive but . ..
Analysing UF through the optics of the old-fashioned 20th century Mathematica

Structuralism is not sufficient, in my view, for explaining its epistemological
significance.
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Does Structuralism have a future?

The solution of Benacerraf Problem provided with UF is impressive but . ..

Analysing UF through the optics of the old-fashioned 20th century Mathematica
Structuralism is not sufficient, in my view, for explaining its epistemological
significance.

Today — as ever — philosophers need to be as attentive and as receptive to
novel developments in mathematics as were Cassirer and Russell in the 1900s.
The Higher-Dimensional Algebra and the Higher Category theory evidently
do bring along such novel ways of reasoning, which are quite unlike those
codified in the standard Structuralist doctrines, which date back to the early
20th century.
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Categories without Structures

In my Categories without Structures of 2011 (Philosophia Mathematica,
vol. 19, no. 1) | objected the popular view according to which Category
theory supports the Mathematical Structuralism and sketched an alternative
interpretation of CT that emphasised novel features of this theory non reducible
to the Hilbert-style and Bourbaki-style ways of mathematical reasoning and
of organising mathematics.
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Categories without Structures

In my Categories without Structures of 2011 (Philosophia Mathematica,
vol. 19, no. 1) | objected the popular view according to which Category
theory supports the Mathematical Structuralism and sketched an alternative
interpretation of CT that emphasised novel features of this theory non reducible
to the Hilbert-style and Bourbaki-style ways of mathematical reasoning and
of organising mathematics.

A key point of my critique: isomorphism is a map but not a relation, so the
SP does not adequately capture the working of this concept in CT. Another
point of my critique (earlier stressed by Grothendieck): general morphisms
are as important in CT and CT-based mathematics as are isomorphisms.
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Categories without Structures

In my Categories without Structures of 2011 (Philosophia Mathematica,
vol. 19, no. 1) | objected the popular view according to which Category
theory supports the Mathematical Structuralism and sketched an alternative
interpretation of CT that emphasised novel features of this theory non reducible
to the Hilbert-style and Bourbaki-style ways of mathematical reasoning and
of organising mathematics.

A key point of my critique: isomorphism is a map but not a relation, so the
SP does not adequately capture the working of this concept in CT. Another
point of my critique (earlier stressed by Grothendieck): general morphisms
are as important in CT and CT-based mathematics as are isomorphisms.

| believe that the notion of “Category-Theoretic version of Mathematical
Structuralism” defended by a number of philosophers is an attempt to put a
new wine in old bottles.
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Y © 0P
Philosophy of HoTT

HoTT and, more specifically, directed HoTT, that emerged during the following
decade, provide a lot of new ideas which point to new philosophical directions.
Presently, it is a widely open field for a philosophical work.
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Y © 0P
Philosophy of HoTT

HoTT and, more specifically, directed HoTT, that emerged during the following
decade, provide a lot of new ideas which point to new philosophical directions.
Presently, it is a widely open field for a philosophical work.

Vladimir's unconventional conception of mathematical structure reflects a
novel way of mathematical reasoning emerged on the threshold the 21st
century and needs a close philosophical analysis.
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Does Vladimir's historical question make sense?

“l wonder when and how there emerged the strange idea that the foundation
of the world can be described with a collection of relations between objects
rather than with a collection of joint structures on assemblies of objects.”

Anppeii Pogun (Archives Henri Poincaré, [RITERISNVER SSIVES 7Tl ¢ )7'e o TSR] 8 sinBapsi 2025 62 / 63



Does Vladimir's historical question make sense?

“l wonder when and how there emerged the strange idea that the foundation
of the world can be described with a collection of relations between objects
rather than with a collection of joint structures on assemblies of objects.”

“I doubt that the idea to use relations [instead of general structures] first
appeared in logic. Look at [Hermann] Lotze's Metaphysics [1841]. [...] . By
the way, in the first Boole's work [The Mathematical Analysis of Logic of
1847] we also find objects and relations. Perhaps Boole provides a reference
pointing to his source. But | doubt that Lotze read Frege or Boole.”
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Does Vladimir's historical question make sense?

© Lotze is relevant for understanding the genesis of the modern concept
of relation as predicate in Frege (H. Sluga vs. M. Dummett);
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@ Boole apparently uses the term “relation” in a different sense;
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Does Vladimir's historical question make sense?

© Lotze is relevant for understanding the genesis of the modern concept
of relation as predicate in Frege (H. Sluga vs. M. Dummett);

@ Boole apparently uses the term “relation” in a different sense;

@ Lotze did read Boole (J. Heis 2013); | did not see an evidence that
Lotze ever read Frege (albeit Frege certainly knew Lotze's works);
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© Lotze is relevant for understanding the genesis of the modern concept
of relation as predicate in Frege (H. Sluga vs. M. Dummett);

@ Boole apparently uses the term “relation” in a different sense;

@ Lotze did read Boole (J. Heis 2013); | did not see an evidence that
Lotze ever read Frege (albeit Frege certainly knew Lotze's works);

© Do pre-Fregean concepts of relation (in particular, in Leibniz) exhibit
some features of “‘structures’?
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Does Vladimir's historical question make sense?

© Lotze is relevant for understanding the genesis of the modern concept
of relation as predicate in Frege (H. Sluga vs. M. Dummett);

@ Boole apparently uses the term “relation” in a different sense;

@ Lotze did read Boole (J. Heis 2013); | did not see an evidence that
Lotze ever read Frege (albeit Frege certainly knew Lotze's works);

© Do pre-Fregean concepts of relation (in particular, in Leibniz) exhibit
some features of “structures™?

@ Vladimir's distinction between relations and (higher order) structures
provides a novel conceptual optics for studying and interpreting the
history of relation concept from Aristotle onwards.
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The present paper under the title “Vladimir Voevodsky on the concept of
mathematical structure in his letter exchange with Andrei Rodin" is submitted
to Springer (Synthese Library) volume Mathematicians at Work: Empirically
informed Philosophy of Mathematics edited by Deborah Kant, José Antonio
Perez-Escobar, Deniz Sarikaya, and Mira Sarikaya scheduled to appear in
2025+.

Preprint: https://arxiv.org/abs/2409.02935
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https://arxiv.org/abs/2409.02935

Thank Youl!
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