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The starting point

Hilbert's consistency program was abandoned in the 1930s when Godel
Second Incompleteness Theorem, G2, was interpreted as yielding the
paradigmatic Unprovability of Consistency Thesis, UCT:

“There exists no consistency proof of a system that can be for-
malized in the system itself” (Encyclopaedia Britannica).
UCT implies that Peano Arithmetic PA cannot prove its own consistency,

hence a proof of consistency of any stronger theory (like Set Theory).

In this form, UCT has broad prohibitive implications, ranging from
foundations and philosophy to automated proving and Al.
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Main findings: non-compact proofs

Any PA-derivation is compact, i.e., involves only a finite number of
axioms. However, some well-established mathematical proofs are
not compact and require unbounded access to the axioms. Ignoring
non-compact proofs has been a fundamental blind spot in foundations:
while G2 prohibits compact proofs of consistency within a system, it says
nothing about non-compact ones.

Within PA, we identify previously overlooked selector proofs considered
by Hilbert, Brouwer, Heyting, Kolmogorov, and Kreisel. Selector proofs
have been tacitly used in mathematics for decades, and they now help

rigorously define compact and non-compact proofs.

We offer a mathematical non-compact proof of PA-consistency and
formalize this proof in PA in a finite form. This refutes the Unprovability
of Consistency Thesis and effectively cancels its profound restrictive
implications.
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Peano Arithmetic PA

Peano Arithmetic PA is a formal first-order theory containing constant 0,
the successor function ’, and all primitive recursive functions with their

defining identities.

In addition, PA has the Induction schema which is an infinite series of
formulas (sertial property)

[£(0) A x(ip(x) = 9(x')] = Vxep(x)
for each formula ¢(x).

PA represents all conventional computations, does not use higher order or
set-theoretic principles.
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Models of arithmetic

The standard model of PA is the set

o — 00— 0 —> . ..

0 1 2

with standard operations of addition and multiplication. It is easy to
show that there are (countable) models of PA not isomorphic to the
standard one. Take a fresh constant ¢ and consider a theory

PA=PA U{c>0,c>1 c>2 ..}

PA is consistent since each of its finite subsystems is (obviously)

consistent, hence PA has a model M., which is a model for PA with
“infinite” numbers, non-isomorphic to the standard model:

O — 0 — 0 —> - - - e — > @ —> e

0 1 2 c
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Numerals vs. natural numbers

For the purposes of Hilbert’s consistency program, standard natural
numbers are represented constructively as PA-numerals!

0,0,0”,0", ... .

The standard numbers as a set are not definable in PA. Gddel numbering
codes syntactic objects — formulas, finite sequences, etc. — by numerals.

The principal difference between the informal arithmetic and the
formal arithmetic PA is in quantification. Since standard natu-
ral numbers cannot be defined in PA, “for all natural numbers
n ..." is replaced in PA by the formal quantifier "Vx ..." which
refers to all elements of a given, possibly non-standard, model:
this makes Yxg stronger than “for all natural numbers n, ¢(n).”
G2 lives in this gap!

1¢f. Hilbert strokes, Zermelo, von Neumann, Church -numerals, -etc.
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What is a formalization

i) Direct formalization. Let H be an informal arithmetical property.
The formalization procedure f does the following: the primitive recursive
operations, logical connectives are formalized as is, and “for any natural
number n” is formalized as “Vx.” If f succeeds, it converts H into a
PA-object f(H) which is a PA-formula, or a set of PA-formulas.

ii) Godelian formalization is a standard arithmetization (syntactic
objects are assigned numerical codes, operations on objects become
functions on codes) followed by the direct formalization (i) in PA.
Formalization of reasoning about math objects is a standard step-by-step
conversion of informal reasoning into formal derivations in PA about
Godelian codes.

The Godelian formalization allows for claiming provability of
non-arithmetical combinatorial properties, e.g., “G2 is provable in PA."
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For what purposes do we formalize proofs?

Suppose we are interested in

whether a contentual property H of natural numbers holds. (1)
Suppose also that its formalized version f(H) is a PA-formula.
Verification. Proving f(H) is PA can answer (1).

A. If PA proves f(H), then f(H) holds in all models of PA, including
the standard model, which gives an affirmative answer to (1).

B. If PA proves the negation of f(H), then f(H) fails in each model of
PA including the standard model, which gives a negative answer to (1).

C. However, if neither A nor B holds, then we have no answer to (1)
and must rely on other tools.

Assumptions Checking. If a contentual proof is Godel formalized
in PA, then this proof does not use the principles outside PA.
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What does it mean to prove the consistency of T in T7

People new to logic often ask a question: what is the point of proving
the consistency of a theory T in T itself, since if T is inconsistent, the
answer would be vacuously affirmative.

The Hilbertian reply: “a proof of T-consistency in T" is in fact a pair:
i) a contentual mathematical proof of T-consistency;

ii) a Godelian formalization of (i) as a formal derivation in T for the
assumptions checking!

This is exactly what we are doing.

1) We provide a mathematical proof of PA-consistency in its
standard Hilbertian form.

I1) We build a Godelian step-by-step formalization of (1) in PA for
the assumptions checking.

In addition, we develop a theory of selector proofs to explain why this
construction is compatible with Godel’s Second Incompleteness Theorem.
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Formalizing Consistency in PA: arithmetization

The mathematical formulation of PA-consistency,
no D is a PA-derivation of (0=1), (2)

uses a universal quantifier over finite sequences D of formulas, not in the
language of arithmetic, hence, for its arithmetical analysis, Godel coding
is required.

Notations: we do not distinguish between X, its code "X™, and the
numeral "X x:y is the proof predicate “x is a PA-derivation of y," L is
(0=1), Consistent(x) is —x:L: Consistent(n) states that

“n is not a code of a PA-derivation of (0=1)

”

Arithmetized PA-consistency is the contentual property
for any natural number n, Consistent(n), (3)

still not in the language of PA since quantifiers over standard numbers
are not expressible in PA.

More notation: O(y) is the provability predicate Ix(x:y).
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The consistency formula Conpa

Traditional route: blind-eye the domain violation and assume that the
mathematical statement of consistency (3) is represented in PA by a
formula Conpa:

Conpa = Vx Consistent(x) = Vx(—x:L). (4)

Some logicians treat Conpa as the definition of consistency.
In the context of provability in PA, this is the mother of all
mistakes because Conpp is not equivalent in PA to the original
definition consistency “no finite derivation results in a contra-
diction” which accounts for standard numerical codes only.

Godel’s Second Incompleteness Theorem.
If PA is consistent, then PA does not prove Conpa.

Corollary. There is a countable model M of PA in which Conppa is false.

Godel’s monster. There is a “proof” of (0=1) in M. However, such a
“proof” cannot be a numeral n=0,1,2,..., i.e., it is non-standard in M.
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Consequences of the domain violation in Conpa

As we saw, there are models of PA with inconsistent proofs. However, all
such “bad" proofs turned out to be nonstandard, hence G2 does not
appear to be about real PA-derivations which are all finite and which the
original consistency question has been all about.

Internalization appears to distort the intrinsic nature of consis-
tency. The formula Conpp is infested with junk proof codes
which PA is too weak to sort out.

We have shown mathematically that

Conpp is strictly stronger in PA than the consistency property (3).

Hence deriving the Unprovability of Consistency Thesis from the
unprovability of Conpa in PA has been “strengthening fallacy.”

So, we are back to square one with respect to the Hilbertian question of
whether the consistency of PA can be established within PA. The
attempt to use Conpa fails, and we have to search for another route.
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By definition, the consistency is a serial property

By definition, the PA-consistency (3) is a serial property?:
Consistent(n), n=0,1,2,... . (5)
which is strictly weaker in PA than Conpa.

Serial properties (schemas) are common objects in mathematics and
logic: tautologies in PA, PA-axioms, Induction Schema in PA, Reflection
Schema, Comprehension/Separation Schema in ZF, etc., etc.

The semantic features, such as truth in a model, naturally extend from
formulas to sets/series of formulas. We need to coin the notion of a
proof of a serial property in a theory, or rather to formalize the way
mathematicians prove serial properties.

2A serial property is a primitive recursive series of formulas Fi, F>, F35. ..

Sergei Artemov Non-Compact Proofs



Selector Proofs and their origin

The proofs of serial properties are selector proofs that can be traced back
to Hilbert, Brouwer, Heyting, Kolmogorov, and Kreisel.

A proof of a serial property F = {Fo, F1,...,Fn,...} in a theory T
is a pair of

(i) selector s(x): an operation® that given n provides a proof of F, in T;
(ii) verifier v: a proof in T that the selector does (i).
We call such pairs (i) and (ii) selector proofs. In our notations,
viVx[s(x):F(x)].

Hilbert e-substitution is a selector proof method.
BHK semantic for V:

a proof of VxA(x) is a function converting c into a proof of A(c),

introduces selector explicitly, and Kriesel work adds the verification step.

3For the purposes of this work, selectors are explicit primitive recursive
operations but this can be naturally extended to other provably total functions.
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Selector Proofs: Godelian formalization

A proof of a serial property F = {Fo, F1,...,Fn,...} in a theory T
is a pair of

(i) selector s(x): an operation that given n provides a proof of F, in T;

(ii) verifier v: a proof in T that the selector does (i),
vi¥x[s(x):F(x)].

Note that the condition (ii), taken formally, yields a Gédelian
formalization of a proof of (i) in T:

T F ¥x[s(x):F(x)].

So, each selector proof in PA reduces to a finite derivation in PA.
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The properties of selector proofs in PA

Selector proofs are compatible with the conventional provability:

If a serial property F = {Fq, F1, ..., Fp, ...} is selector provable,
then each of the F,’s is conventionally provable.

This property is fundamental: some of finite PA-derivations represent
proofs of groups of PA-theorems.

In other words, selector proofs are just an overlooked way to prove
theorems of PA in infinite groups. In this respect,

PA + selector proofs = PA.#

Remarkably, selector proofs have been tacitly adopted in mathematics.

“After Lois learns that Clark is Superman, he still remains;the same.

Sergei Artemov Non-Compact Proofs



Example 1

Complete Induction principle, CZ: for any formula 1,
if for all x [Vy < x ¢(y) implies 1(x)], then Vxi(x).

Complete Induction for PA is provable by means of PA. Here is a
textbook proof of CZ: apply the usual PA-induction to Vy < x ¢(y) to
get the CZ statement CZ(v)) for 1.

This is a selector proof which, given 1 selects a derivation of CZ(¢)) in a
way that provably works for any input .

Note a clear non-compact character of this proof.
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Example 2

Multiplying polynomials. The product of polynomials is a polynomial.®

Here is its standard mathematical proof: given a pair of polynomials f, g,
using the well-known formula, calculate coefficients of the product
polynomial pr.g, and prove in arithmetic that

f~g = Pfg- (6)

This is a selector proof: for each f, g, it finds a proof of (6) in PA.

°A polynomial is a term a,x" 4+ a,—1x" ' + ...+ aix + ag, where each a; is
a numeral and x a variable. In f - g, “-" stands for the usual-PA multiplication.
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Example 3

Any tautology containing propositional variables, e.g., the double
negation law, DNL in arithmetic: for any formula X,

X == X. (7)

The standard proof of DNL in PA is for given X, build the usual logical
derivation D(X) of (7) in PA.

This is a selector proof which builds an individual PA-derivation for each
instance of DNL in a way that provably works for any input X. This
proof can be easily formalized in PA.
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Ubiquitous selector proofs

Selector proofs have been used as proofs in arithmetic of serial properties

{F(u)}
in which v is a syntactic parameter (ranging over terms, formulas,
derivations, etc.) and F(u) is an arithmetical formula for each wu.

Selector proofs are ubiquitous in metamathematics.

Within this tradition, we must accept and study selector proofs as
legitimate logical objects. This is the only available way to responsibly
address the Hilbertian question about the provability of PA-consistency,
since PA-consistency is a serial property.
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Compact and Non-Compact Proofs in Mathematics

The usual way to prove

for all n, F(n) (8)
in mathematics is given an arbitrary n provide an argument A(n)
concluding F(n). Imagine that A(n) requires more and more new
axioms with the growth of n. In mathematics, this will still be a
legitimate proof of (8), but not for logic!

Such “non-compactness” appears, e.g., in the prominent
Mostowski Reflexivity Theorem, MRT, which states that PA
proves the consistency of its finite fragments. The proof of
MRT needs an unlimited access of A(n)’s to the PA induction®.

To study this phenomenon, we need to make individual reasonings .A(n)
explicit and consider proofs in the enriched format

A(n):F(n).

In other words, we have to shape a proof of (8) as a selector proof.

60ther examples: Complete Induction in PA, a hypothetical non-compact
proof of the twin primes conjecture.
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Compact and Non-Compact Proofs - formally.

Definition A selector proof in PA

PA = Vx[s(x):F(x)] (9)
is compact, if all s(n)’s are derivations in some fixed finitely axiomatized
subsystem W of PA: PA I Vx[s(x):w F(x)].” (10)
A selector proof (9) is non-compact otherwise.

A simple but fundamental observation: Since PA proves the uniform
reflexivity of its finite fragments, a compact proof (10) yields
conventional provability

PA I VxF(x).
This answers the foundational question: which proofs are banned by G27?

G2 bans compact proofs of PA-consistency in PA. The possibil-
ity of non-compact proofs of consistency was left open.

"Here “:" is the Goédelian proof predicate in W.
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Example 4: a non-compact proof of self-consistency

Let Cont be the standard consistency formula for a theory T D PA.
Consider theories:

PAo=PA,  PAi; =PA;+Conps, PA” =[JPA;.

Consider a folklore consistency proof® of PA“ by means of PA“:

Let D be a derivation in PA“. Find n such that D is a derivation
in PA,. Conpa, — one of the postulates of PA“ — implies that
D does not contain 1.

This is a mathematically correct non-compact selector proof of
consistency of PA* in PA”. The selector that, given D, computes the
code of a PA“-derivation of “D does not contain L" is straightforward,
as well as its verification.

On the other hand, by G2, PA“ cannot prove ConpAw but this fact does
not harm the given consistency proof which does not derive Conpp«.

8Many thanks to Moshe Vardi for reminding about this example.
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How Non-Compact Proofs remained invisible for logic?

These findings suggest that “everyday mathematical reasoning” — which
has tacitly used non-compact methods — is more robust than our formal
models previously allowed. Non-compact proofs and their formalization
are filling this foundational gap.

There may be a well-principled mathematical proof of (8)

for all n, F(n)

using only axioms of PA, but if (8) admits only non-compact proofs, then
PA I VxF(x).

Why has this fact remained hidden for so long? The mathematical
definition of compactness/non-compactness uses the selector format of
proofs which were not identified until recently.
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Another component: Explicit Reflection

Godel suggested the concept of explicit reflection at a public lecture in
Vienna in 1938, but this his work remained unpublished until 1995.
During that gap, the explicit reflection principle

tF — F (11)

was independently rediscovered by S.A. and Tyko Strassen in 1992.

These works identified that while the implicit reflection principle
oF = F

is not provable in PA for some F, the explicit version (11) is provable
within PA. A modern refinement: (11) has a non-compact proof in PA.
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Why MRT does not prove PA-consistency in PA

Let PA;, be the fragment of PA with the first n axioms.

The Mostowski Reflexivity Theorem, MRT, states:

For each natural number n, PA = Conpa,,.

In order to get the PA-consistency:
For each natural number n, Conpa,,,,

one needs to strip “PA K" in the MRT formulation, which cannot be
done within PA due to the failure of the implicit reflection.

So MRT s not a proof of PA-consistency, let alone a proof of
PA-consistency in PA. However, the proof of MRT itself is a non-
compact selector proof which, with proper adjustments, becomes an
integral part of our PA-consistency proof within PA.
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The contentual PA-consistency proof

Step 1 - Follow the explicit steps of the MRT proof (and resist the
temptation to simplify them to their implicit versions). Namely, from the
proof of MRT, extract a primitive recursive function s(x), selector, that
given n builds a derivation s(n) of Conpa,, in PA. Note that Conpa,,
implies “D is not a proof of L" for any specific derivation D in PA,.

Step 2 - Use the explicit reflection to rid the interfering proof
predicates. Given a PA-derivation D, find n such that D is a derivation
in PA;, (an easy primitive recursive procedure). By step 1,

s(n):Conpa,,.
By the explicit reflection, we get
Conpa,,;
hence

“D is not a proof of 1L.”
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Step-by-step formalization of the consistency proof

No element in this consistency proof is outside the scope of PA and this
whole proof is naturally internalized in PA. The reasoning leading to the
claim “D is not a proof of L " is represented by a primitive recursive
selector S(x) which for a given Gédel number k of D returns a code of a
PA-derivation of “k is not a code of a proof of 1.”

The selector S(x) for the whole consistency proof is a natural fusion of
two selectors, s(x) from the selector proof of MRT, and e(x) from the
selector proof of the explicit reflection in PA. So, we get the desired
verification

PAF Vx S(x):—x: L.

This completes the assumptions checking and certifies that the given
proof is a proof within PA without any additional constructions or
assumptions. Note that the given formalization of the consistency proof
is not, and could not be, a PA-proof of the consistency formula Conpa.
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The failure of UCT in its naive Encyclopedia form

The Unprovability of Consistency Thesis in its naive Encyclopedia form
fails and should be corrected since there exists a consistency proof of PA
that can be formalized in PA.

What was a logical mistake in the standard justifiication of UCT? The
Formalization Principle has been used in a too strong and incorrect form:

Any mathematical reasoning from axioms of a theory T proving
a property H, can be formalized as a derivation of f(H) in T.

This perspective suggests that the Hilbert Program wasn't “killed” by
Godel; it was simply forced to move beyond single-sentence goals. It
implies that a system can be self-consistent and self-aware of that
consistency, provided we don't force that awareness into a single
“bottleneck” formula.
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New reading of G2

These findings suggest new foundational reading of Godel's Second
Incompleteness Theorem:

The consistency of PA is not provable within a finite fragment of PA,
complemented with the positive message:

The consistency of PA is provable within the whole PA.
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How far we can go with proving consistency in PA

Kurahashi and Sinclaire, 2019:

PA cannot selector-prove consistency of any theory T O PA + Conpa by
the given method without further modifications.

Freund/Pakhomov and Gadsby, 2024 /25:

However, PA selector-proves consistency of T for some proper extensions
T of PA in particular

T = PA + slow consistency of PA.

Sergei Artemov Non-Compact Proofs



Beyong PA

Consider a theory T D PA in the language of PA. Does it prove
self-consistency? Yes, it does, and the proof is basically the same.

Note that ZF is essentially reflexive. Namely, any theory T O ZF proves
the standard consistency formula for each of its finite fragments {¢};
given ¢ we constructively build the proof of Cong,y in T.

This suggests a selector proof of consistency of any T D ZF in T.

As before, the mathematical value of such proofs depends on how much
trust we invest into contentual T itself.
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Summary

The claim that “consistency is unprovable” relies entirely on the
dogmatic assumption that Conpa is the only legitimate way to represent
consistency in the PA-language. This assumption directly contradicts a
precise mathematical finding that Conpy is strictly stronger in PA than
the Hilbertian combinatorial property of consistency.

In reality:
» The consistency property is serial and provable by a selector proof.

» The compression of this proof into a formula is provable in PA
which provides the assumption checking.

» G2 merely states that this cannot be a PA-derivation of the formula
ConpA.
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Any changes in the traditional Proof Theory?

Existing methods and results remain valid, with minor cosmetic changes,
e.g., “consistency of PA” should mean “consistency formula for PA.!" The
whole proof theory remans in tact with Godelian consistency formulas
continue playing pivotal role. Moreover, a new topic, proof theory of
selector proofs, is emerging, opening up new research opportunities.

The Foundations of Mathematics and Al and their popularization activity
require a major rethinking and revision, including adjusting
Encyclopedia articles accordingly.
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Instead of an epilogue

In the 19th century, Lord Kelvin's Earth age estimate (around 20-100
million years) seemed correct to many because it was based on physics,
seemingly contradicting Darwin’s need for vast geological time for
evolution. Surely, Kelvin's estimate made it to Encyclopzedia Britannica
(9th and 10th editions).

However, Kelvin's physics was incomplete, leading to the overturning of
his view by later discoveries of radioactivity, which confirmed that Earth
was vastly older and validated Darwin's evolutionary timeline. Current

Britannica articles state that Earth is approximately 4.6 billion years old.
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