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Independence Results
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Independence Results

We will use PA (HA) for concrete examples.
Theorem (Godel)

PA i Con(PA).

Theorem (Beklemishev, Harrington, Kirby, Paris)
The following are not provable in PA:

Goodstein’s Theorem

- The Paris-Harrington Principle
- Hercules always wins the Hydra Game

- The Worm Principle



Mathematical Logic and Mathematical Practice

What implications (if any) do these results have for mathematical practice?

Lpossibly extended with your preferred large-cardinal axioms



Mathematical Logic and Mathematical Practice

What implications (if any) do these results have for mathematical practice?

Informal mathematical arguments can be formalised into these systems.
- (Almost) all mathematical reasoning can be formalised in ZFC *
- Elementary arithmetical reasoning can be formalised in PA (or HA)

- Compactness arguments are captured by WKL

Lpossibly extended with your preferred large-cardinal axioms



“Direct Formalisation Procedure”

1. We find a system of axioms (or rules) embodying the principles or methods of
construction we want to capture
2. These axioms are translated into a formal system where quantification over

numbers is captured by the formal quantifiers ¥ and 3 (and analogously for
sets, functions, etc).



A Case Study in Formalisation Practices

Artemov has argued that selector proofs are a form of mathematical reasoning that
is left out in the “direct formalisation procedure.”

We will use selector proofs as a case study of what happens to the “logical
universe” when we adjust our formalisation practices.

On the local level the details are going to change, but the broad structure of the
logical universe will remain intact.



Notation

Throughout, T,S will denote “reasonable” theories.

2

We will fix standard Goédel numberings

x:7y is a standard proof predicate for T. (" is the code of a proof in T of the
formula coded by y”)

Clry := Jz(z:py) is the corresponding provability predicate

We will not distinguish between formulas, their codes and their numerals (we
write [JA in place of DE etc.)

If we write z:7A(y) with y a free variable, then we mean that z is a proof of

the result of substituting the yth numeral in place of the free variable y.
Similarly for [JA(y)

2Consistent, primitive-recursively axiomatised and containing (say) PRA. Xi-soundness will be
assumed as needed.



Selector Proofs

Definition
A serial property is a (suitable enumerated) sequence {F,,} of formulas and is called
selector provable in T if there is a T-recursive function s(x) (the selector) such that

T+ Va(s(z):rFy)



Selector Proofs

Definition
A serial property is a (suitable enumerated) sequence {F,,} of formulas and is called
selector provable in T if there is a T-recursive function s(x) (the selector) such that

T+ Va(s(z):rFy)

- We will focus on the case where the serial property consists of all numerical
instances of a single formula (i.e. F,, = A(n) for each n).

- A formula A(x) is selector provable if T' - Vx(s(z):rA(z)) for some s(x).



Non-Independence Results?

What happens when selector proofs enter the picture?
Theorem (Artemov)

T selector proves its own consistency. There is a primitive recursive function s(x)
such that

PRA + Vx(s(a:):Tﬁ(x:TL))



Non-Independence Results?

What happens when selector proofs enter the picture?

Theorem (Artemov)

T selector proves its own consistency. There is a primitive recursive function s(x)
such that
PRA + V$(8<$):Tﬁ($:TL))

More generally

Proposition

The following are selector provable in PA (HA):
» Goodstein’s Theorem
» The Paris-Harrington Principle
» Hercules always wins the Hydra Game

» The Worm Principle



Consistency Strength

Definition
S is relatively consistent with 71" if

B+ Con(T') — Con(S)

where B is a suitable base theory (in practice PRA).3

3In a constructive context, InCon(S) — InCon(T) is more appropriate.



Consistency Strength

Definition
S is relatively consistent with 71" if

B+ Con(T') — Con(S)

where B is a suitable base theory (in practice PRA).3
Examples:
» (Godel, Gentzen) PA is relatively consistent with HA
» (Godel) ZFC+CH is relatively consistent with ZF
» T+Con(T) is not relatively consistent with T

The consistency operator serves as a canonical (in some sense) method of
increasing the strength of a theory.

3In a constructive context, InCon(S) — InCon(T) is more appropriate.



Consistency Strength with Selector Proofs

Proposition
Let F(x) be primitive recursive predicate. Then

PRA \+ Va2OrF(z) < (Con(T) — VzF(x))

i.e. F(x) is selector provable in T if and only if T+ Con(T) + VaF(x)



Consistency Strength with Selector Proofs

Proposition
Let F(x) be primitive recursive predicate. Then

PRA \+ Va2OrF(z) < (Con(T) — VzF(x))
i.e. F(x) is selector provable in T if and only if T'+ Con(T) - VaF(z)

Note that this only applies when F'(x) is primitive recursive.

» Analogous characterisations are impossible when formulas involving
quantifiers are admitted (G. 2025).

» A precise characterisation of selector provable formulas can be achieved
through ordinal analysis.



Selector Proofs of Consistency

Corollary (Ignjatovi¢)
T selector proves the consistency of S iff T + Con(T') — Con(S5)



Selector Proofs of Consistency

Corollary (Ignjatovi¢)
T selector proves the consistency of S iff T + Con(T') — Con(S5)

Corollary (Ignjatovi¢, Kurahashi-Sinclaire)
If S+ Con(T), then T cannot selector prove the consistency of S.



Big Picture

We (more or less) recover the standard picture
- Consistency sentences retain their key role in increasing strength

- The situation is similar with finitary (II;) consequence



Big Picture

We (more or less) recover the standard picture
- Consistency sentences retain their key role in increasing strength

- The situation is similar with finitary (II;) consequence

Selector proofs of consistency become a tool for obtaining traditional relative
consistency results.

- Freund and Pakhomov (2020)
- G. (In preperation)



Ordinal Analysis

Ordinal analysis gives us measures of the absolute strength of a theory.
Some different measures.

» Proof-theoretic ordinal
» Stock of provably recursive functions

» And more



Fast-Growing Hierarchy

Define a hierarchy of fast growing functions F,, indexed by (computable
presentations of ) ordinals by

F()(m') =x+1
Foii(z) = Fi(x) where ¢"(z) = g(g(...(9(x))...) n times
Fy(z) = F)[z)(2) for A a limit

where \[z] is a fundamental sequence for .

» e.g. wn] =n, w’[n]=uw" etc.



The Computational Content of PA

Theorem (Gentzen)
The proof-theoretic ordinal of PA (HA) is €

w
€0 = sup{w,w”,w* , ...



The Computational Content of PA

Theorem (Gentzen)
The proof-theoretic ordinal of PA (HA) is €

€ = sup{w,ww,wwu, e}

Theorem (Wainer, Schwichtenberg)

1. If a < €y, then F, is PA-recursive (HA-recursive)

2. If f is PA-recursive (HA-recursive), then f is dominated by F,, for some
o < €

In particular, F, is not PA-recursive.

Analogous results hold for other theories with respect to their proof-theoretic
ordinal . *



Selector Proofs of Totality

The selector provability context is different.
Proposition (Folklore)

PA (HA) selector proves the totality of Fe,; there is a primitive recursive s such
that

PRA = Va(s(x):ga(FyFe (z) = y))



But (Again) Not Too Different

Theorem
1. If a < eg, then PA (HA) selector proves the totality of \x.Fe,(Fu(z))

2. If the totality of f is selector provable in PA (HA), then f is dominated by
Mo Fey (Fo(x)) for some o < €

In particular, PA cannot selector prove the totality of Az.F¢,(F¢,(x)) or Fe 41

Analogous results hold for other theories with respect to their proof-theoretic
ordinal . *



What is Going On Here?

Replace the usual V rule with the infinitary w-rule

I, A(0) I, A1) T, A(2)
I'VzA(z)

Proofs become infinite, well-founded trees with ordinal heights.

Such proofs can be coded using computable functions

Definition
Write e:& A to denote that e is the code for a (cut free) w-logic proof of A with
height < a.



Characterising Selector Provability.

Provability in PA can be characterised as follows

Theorem (Mints, Sundholm)
A sentence A is provable in PA if and only if PA - e:5A for some e and o < €.



Characterising Selector Provability.

Provability in PA can be characterised as follows

Theorem (Mints, Sundholm)
A sentence A is provable in PA if and only if PA - e:5A for some e and o < €.

For selector provability we get

Theorem

A formula A(z) is selector provable in PA if and only if PA + e:20 VxA(x) for some
e.



Extending Selector Provability

One layer of coding brings additional provability power, but there are limitations.
What about additional layers of coding?
Definition
A serial property {F),} is called 2-selector provable in T if there are selectors r and
s such that

T+ Va(r(x):r(s(z):rFy))

Can we get anything further this way?



[terated Selector Proofs

Unfortunately no!

Proposition
If a serial property is 2-selector provable in T, in it is selector provable in T'.

Anything that you can do with iterated selectors can already be done with one.



Big Picture

Selector provability and ordinary provability differ at the local level.

» Particularly for statements that are right at the boundary of what the theory
can handle.

However, they agree in the broad structure of the logical universe

» They differ (very) slightly at where they draw the line



A Case Study in Formalisation Practices

We considered two models of formalisation.
1. The “standard” method

2. Selector proofs

We could also consider
» Constructive type theories
» Constructive type theories with selector proofs
» Others?



Robustness of the “Logical Universe”

This case study serves as evidence that these measures of logical strength are
robust across different formalisation practices.

» They are not artifacts of the encoding

» We just need to be careful at the boundaries

These results indicate that these notions are properties of the underlying
mathematical reasoning, methods of construction, etc.

» They are not artifacts of the encoding

» The results of mathematical logic do have something important to tell us
about mathematical practice

Further case studies and conceptual arguments would be useful in further
validating this claim.



Thank you!
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