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Formalisation and the univalence principle

Content

We first put Voevodsky’s univalence principle in historical perspectives, with questions that

are directly relevant for formal representation of mathematical reasoning, in particular for having

a good notion of equality and identification of structures. These go back to Russell:

-questions addressed in the introduction of the second edition of Principia Mathematica,

1925, particularly on the principle of extensionality, so what equality should be

-definite descriptions, cf. On Denoting, 1905, and axiom of “unique” choice

-theory of structures, discussed e.g. in Introduction to philosophy of mathematics, 1919, and

My philosophical development, 1959.

Ideas from univalence provide new light on these questions, and are thus interesting

independently of the project of representing mathematics on a computer.

The progression will be: Russell, Church, de Bruijn/Martin-Löf, Voevodsky.
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Content

The ideas of unique choice and transport of structures were important for Voevodsky’s goal

of formalisation of mathematics.

I try to give some examples.

The ongoing development of AI systems completely changes the way we should address the

program of representing mathematics on a computer, e.g. set theory/type theory.

This talk is not technical. It is a guided tour through several episodes — historical, logical,

and computational — that all point to the same issue: how to identify structures.
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Principia Mathematica

In 1925, in the introduction of the second edition of Principia Mathematica, Russell discusses

the notion of equality in mathematics.

There is another course, recommended by Wittgenstein for philosophical reasons. This is to

assume that functions of propositions are always truth-functions, and that a function can only

occur in a proposition through its values. Russell, 1925.

We are going to explain this using, not the formal system of Principia Mathematica, but a

simplified version designed by Alonzo Church in the paper

A Formulation of the Simple Theory of Types, 1940.
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Simple Type Theory/HOL

Classification of mathematical objects

-type of propositions o

-type of individuals N

-type of functions A → B

Uses (and introduces) clever notations for representing functions (and not only propositional

functions like in Frege and Russell)

λx:Nx+ 1 of type N → N

Notation from combinatory logic f a : B for application of f : A → B to a : A.
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Simple Type Theory

Connectives like negation o → o and disjunction o → o → o = o → (o → o)

Quantification ∀A : (A → o) → o

In Frege Begriffschrift 1879, equality is a primitive notion with principles a ≡A a and

P a → a ≡A b → P b

In Russell’s system, we can define a ≡A b as ∀P P a → P b
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Extensionality

Extensionality principle is formulated by Russell 1925 as

(p ↔ q) → p ≡o q

There is a prior question . . . whether all functions of propositions are truth functions . . . If

this were the case, we should have, if f any function of propositions,

(p ↔ q) → (fp ↔ fq)

Consequently, according to the definition

(p ↔ q) → p ≡ q

(Church mentions it in 1940 but deliberately does not accept it as an axiom.)
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Function Extensionality

For Russell, all functions are propositional, i.e. the types are restricted to

A ::= o | A1 → · · · → An → o

Church 1940 introduces the type of functions between individuals, like N → N but also

types such as (N → o) → N , which will be important for formulating the principle of unique

choice.

Church formulates the extensionality principle only for functions

(∀x:Af x ≡B g x) → f ≡A→B g

and adds this as one axiom of his formal system.
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Extensionality

For Russell, the principle of extensionality should not be seen as an axiom having no

justification.

The extensionality principle is admissible and it is possible (Gandy, Takeuti) to build inner

models of type theory satisfying this principle.

Russell formulates the idea that one could use this principle as a replacement for impredicativity.

As we are going to see, this principle can be used for proving results that may require non evident

axioms (impredicativity, axiom of choice), exactly following Russell’s intuition.
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Definite description

Another operation involving identity, and which has some “intuitive” justification, is the

principle of “unique choice” formulated in Church’s system as a function ι : (A → o) → A

satisfying

∃x:A(ψ x ∧ ∀y:Aψ y → x ≡A y) → ψ (ι ψ)

The importance of having such an operation, for the actual representation of mathematics

using a logical formalism, is stressed in the 1943 paper of H. Cartan

Sur le fondement logique des mathématiques. It is also stressed by Bourbaki, who notices explicitly

that the use of Hilbert ϵ choice symbol is a stronger form of this principle.
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Definite description

Russell’s paper On Denoting (1905) and later his discussion with Whitehead about incomplete

symbols (1910), provide a justification of this operation.

The idea is that, though a term like ι ψ may not have a meaning in itself, it will get a

meaning in a given context. We explain C[ι ψ] as

∃x ψ x ∧ ∀y (ψ y → x ≡ y) ∧ C[x]

This explanation however is not compositional (the meaning of this expression is not defined

in term of the meaning of composing subexpressions).

There is a trace of this explanation in mathematics, where the notion of function is defined

to be a functional relation.

The study of models of dependent type theory with univalence provides a new and

compositional justification of the principle of unique choice.
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AUTOMATH

For formulating the univalence principle, we need to make use of a powerful system of

notations, introduced by the mathematician de Bruijn 1967 in the AUTOMATH system, in order

to create a program for verifying mathematical proofs.

He refined Church’s system, which had two limitations: the inability to form collections of

structures and the lack of a convenient explicit notation for proofs.

De Bruijn proposed a notation to reference hypotheses and introduced the concept of a

context:

x : N, h : x > 0, y : N

This suggests treating propositions as types.

We can also declare types:

A : type, x : A
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Context
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AUTOMATH

de Bruijn provided a uniform treatment of mathematical objects, structures, and proofs:

λx:At : A → B if t : B (x : A)

f(a) : B si f : A → B and a : A

He also designed a uniform algorithm to verify the correctness of an assertion a : A.

Type checking and proof verification are unified.
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AUTOMATH

One of the first example presented by de Bruijn was the notion equality on A : type

Eq : A → A → type

refl : Πx:AEq x x

eucl : Πx y z:AEq x z → Eq y z → Eq x y

These were introduced as primitives or constants; using these constants one can then build

the following term/proof

λx y:Aλh:Eq y x eucl x y x (refl x) h

which is of type Πx y:A (Eq y x) → Eq x y
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AUTOMATH

Uniform treatment of terms and proofs, using the notation of λ-calculus for representating

proof trees.

The term

λx y:Aλh:Eq y x eucl x y x (refl x) h

can be seen as a representation of what is going on in the head of a mathematician when

she/he is following an argument proving symmetry of equality.

These proof terms are not “static” objects: one can instantiate them, reduce them and this

also corresponds to recognizable mental operations.
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AUTOMATH: two notions of equality

de Bruijn stresses the fact that in such system we have two distinct notions of equality, one

is the “book” equality, Eq a b, which is a type, and the other one is conversion, such as

(λx:Ax) a is convertible (computes) to a.

The notion of conversion is not represented as a type (and thus does not have a notion of

proof). This is something that we can observe, but cannot express in the formal system.

This distinction contains in germ the fact that “book” equality is “proof-relevant”: since

Eq a b is a itself a type, we may consider a notion equality on this type.
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Martin-Löf type theory

Inspired by discussions with Howard (1969), this analogy between proofs and objects was

systematically developed by Per Martin-Löf, who adapted it to formulate principles of induction.

His first attempt was motivated by limitations of simple type theory:

The simple theory of finite types, although proof theoretically quite strong, has some unnatural

limitations (for example, it permits only finite iterations of the power operation) and, above all,

it is not adequate for a formalization of mathematics that talk about arbitrary sets and not just

sets of natural numbers, sets of sets of natural numbers, and so on.
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Dependent Types

Martin-Löf, knowing about the work of Gentzen and Prawitz on natural deduction, could

adapt these ideas to formulate principles of induction in the setting of dependent types.

N (natural numbers) is a primitive type with constructors: 0 : N and x+ 1 : N if x : N

We can introduce f :
∏

x:N C(x) if we have built

a : C(0) and g :
∏

x:N C(x) → C(x+ 1)

with the computation rules f(0) = a and f(x+ 1) = g x f(x).

These are exactly the computation rules for primitive recursive functions, as formulated by

Hilbert.
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Dependent Types

In this approach, mathematical activity is represented as a uniform process of constructing

objects, which can be programs, mathematical structures, or proofs. All of this is captured by

the typing judgment

a : A
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Dependent Types

Martin-Löf analysed systematically how to express the ideas of Gentzen/Prawitz in this

formalism of dependent types.

Howard (1968) noticed that the type Σx:AB(x) can be thought as a strong version of

existential.

We have a witness extraction π1(z) : A for z : Σx:AB(x) with π2(z) : B(π1(z)), which

does not correspond to an elimination rule for the existential quantifier in first-order logic.
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Dependent Types

Elimination rule for A+ B, which represents disjunction as a data type

E.g. A+ B, 1972

Instead of (a ∨ b) → c follows from a → c and b → c, we have

case(u, v) : Πz:A+BC(z) follows from u : Πx:AC(inl x) and v : Πy:BC(inr y)

with natural computation rules (normalisation in natural deduction)

case(u, v) (inl x) = u x case(u, v) (inr y) = v y

This formulation uses crucially the formalism of dependent types.
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Dependent Types and Natural Deduction

Similarly, the elimination rule for equality

C(a) → ∀b:A a ≡A b → C(b)

is refined into

J : C(a, refla) → Πb:AΠp:a≡AbC(b, p)

with computation rule J d a refla = d.

Cf. the context b : A, p : a ≡A b which suggests that C(b) should depend on p
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Dependent Types and Identity Type

This is a new logical law for equality. It is quite remarkable, since the last known logical law

for equality was formulated by Leibnitz in his “Discours de Métaphysique”, 1686.

Voevodsky found yet another new principle (new “mathematical” law) by representing the

extensionality principle in dependent type theory
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Extensionality in type theory

Voevodsky discovered in 2005 that dependent type theory has a natural interpretation in

simplicial sets (a kind of algebraic representation of the notion of spaces first formulated by

Eilenberg and Zilber 1950).

In particular, he looked at what should become the formulation of the principle of

extensionality as formulated by Russell

(p ↔ q) → p ≡o q

in this model.
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Extensionality in type theory

(p ↔ q) → p ≡o q

Propositions become Kan simplicial sets, and logical equivalence becomes naturally the

notion of homotopy equivalence, and it is possible to formulate what should be equality of types

(Kan fibration over the unit interval). Thus we can reformulate this principle as a property of

simplicial sets.

This suggested a precise conjecture, that Voevodsky sent to P. May, and which was solved by

Bousfield. This was a new property of simplicial sets, not noticed before and thus an application

of logic to homotopy theory.
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Univalence Principle

Voevodsky refined then this principle in the following form: the canonical map

A ≡U B → A ≃ B

is an equivalence. This elegant formulation was new in type theory.

This is an application of homotopy theory to logic.

This corresponds to the following way of stating the extensionality principle

(p ≡o q) ↔ (p ↔ q)
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Univalence Principle

The univalence principle can thus be seen as the expression of the extensionality principle in

a setting with dependent types.

Voevodsky proved that this implies function extensionality

(∀x:Af x ≡B g x) → f ≡A→B g

This is in contrast with simple type theory, where function and propositional extensionality

are two independent principles.
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Stratification

Voevodsky furthermore introduced a formally simple and new stratification of types according

to the complexity of their associated equality types.

A proposition is a subsingleton, i.e. a type A such that we have a proof/element of

Πa0 a1:A
a0 ≡A a1, this is h-level −1.

A set is a type A such that a0 ≡A a1 is always a proposition, this is h-level 0.
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Univalence Principle and Impredicativity

Russell had some intuition that the principle of extensionality can replace in some cases some

use of non evident axioms.

Impredicativity (in the form of a resizing axiom), classical logic, and a form of the axiom of

choice are valid (classically) in the simplicial set models.

Voevodsky was expecting these axioms to play a role in the development of mathematics.

He was surprised by the fact that, in his actual formalisation of “basic”, but non trivial,

mathematics, he just did not need these axioms. The use of the axiom of choice was replaced by

a strong form of unique choice, which is provable.
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Unique Choice

Voevodsky introduces the notion of contractible type, a type T with a proof/element of

isContr T = Σa:TΠx:Ta ≡T x.

He proves that isContr T is always a proposition.

One can then express a strong generalisation of the notion of unique existence by using the

type isContr (Σx:AP (x)).

This captures not only unique existence if A is a set and P (x) a proposition, but also

the notion of unique existence up to unique isomorphism, or of unique existence up to unique

equivalence up to unique isomorphism.

It is remarkable that all these notions of unique existence, that are present in the mathematical

practice, are captured by such a formally simple notion.

The axiom of unique choice (on this strong form!) becomes then a tautology since

isContr (Σx:AP (x)) → Σx:AP (x), and in general, isContr T → T by the first projection.
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Unique Choice

For a typical example, one can show, in this setting, that if a functor F is essentially

surjective and fully faithful, it is an equivalence.

The usual proof requires a strong form of the axiom of choice, but, conceptually, what is

going on should be unique choice, since, given b, the groupoid of objects a with an isomorphism

F (a) ≃ b is contractible.

But for this, one needs a form of unique choice where unique means unique up to unique

isomorphism. If the formalism does not recognize this situation as an instance of unique choice,

one needs to apply general choice (this is what happens when formulating this example in set

theory).
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Structure

Another important theme in Russell’s work was the notion of structure.

We may say, of two similar relations, that they have the same “structure”.

Chapter VI Similarity of relations in Introduction to Mathematical Philosophy 1919

When two relations have the same structure, their logical properties are identical, except such

as depend upon the membership of their fields

Russell (1959) My philosophical development
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Structure

For this also, there is a remarkable interaction between the notion of dependent types and

the rules of equality.

One represents a structure using Σ types, like ΣX:UX × (X → X); an element A, a, f of

this type will be a type A : U with a given element and a function f : A → A.

If one looks in the model (e.g. the groupoid model), the equality on a type such that

S = ΣX:UX a structure of a type X with an element x : X, is exactly an isomorphism: an

equality (A, a) ≡S (B, b) is an equivalence f : A → B such that f a ≡B b.

This means that equality in this model is isomorphism.
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Structure

This strongly suggests that, in general, for a type of structure formulated using Σ-type, we

should have that two isomorphic structures are actually equal, i.e. share the same properties.

(A, a) ≃ (B, b) → ∀P :S→UP (A, a) → P (B, b)

We actually get something stronger: we get the notion of transport of structure, as

formulated by Bourbaki.

These proofs were carried out in Isomorphism is equality, Th. C. et N.A. Danielsson (2013),

and later generalised by P. Aczel.

It is interesting that the notion of structure was stressed both by Russell and Bourbaki.
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Representation of mathematics

We get a new mathematical world.

The “usual” world is the one of sets, here types of h-level 0.

Collection of structures, like collection of sets (in a given universe), or collection of groups

form a type which is of h-level 1, i.e. groupoid.

We can axiomatise these collections, as groupoids, having a notion of morphisms, which form

a set, and composition; we get the notion of category.

But notice that a category is not seen as something primitive, it is a structure at the next

level.

The collection of categories form a type which is of h-level 2.
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Representation of mathematics

We can define the notion of equivalence of category, and show that two equivalent categories

are equal, i.e. share the same properties and satisfy transport of structures.

This is new in 2 ways: Bourbaki only considered transport of structures for set structures

and, even in this case, the transport was not always possible.

This stratification seems essential for modularity. A striking example: to be abelian for a

category is a (propositional) property and not a structure, contrary to how it is usually encoded

in set theory.

If C and D are equivalent, and C is abelian then so is D.
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Representation of mathematics

We can follow textbooks, e.g. Hartshorne, and define Zariski topology on a ring R as usual

Definition Spec : TopologicalSpace :=

make_TopologicalSpace (make_hSet (prime_ideal R) isaset_prime_ideal)

zariski_topology

zariski_topology_union

zariski_topology_htrue

zariski_topology_and.

and we can represent faithfully the definition of affine scheme.
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Representation of mathematics

As noticed by Voevodsky, when we do this systematically, several results, that classically use

strong form of choices, can now be proved directly.

E.g. A full and faithful functor is an equivalence.

It reflects the fact that a general representation of “unique” choice is important for

representing such results in a conceptually satisfactory way.

Just because of this, it can be really interesting to systematically represent “usual”

mathematics in this setting to see the extent of this observation.

Formalisation and the univalence principle



Formalisation and the univalence principle

AI and formalisation

Josef Urban recently was able, using the system Claude, to autoformalise most of the general

topology in Munkres textbook in a HOL based system.

See 130k Lines of Formal Topology in Two Weeks, https://arxiv.org/abs/2601.03298.

This may suggest that HOL is well-adapted to represent this kind of mathematics.
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AI and formalisation

We also want to represent mathematical structures, abelian categories, . . .

It is too soon to know what formalism is the most suitable and more experiments are

necessary.

We can expect that having a good notion of identification and transport of structures will

play an important role.

This was actually Voevodsky’s idea early on, as shown by these extracts from email 2006

between him and Dan Grayson.
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AI and formalisation

5. Eventually, there should be "daemons" which would wander around

the database, extend it and clean it up - this is an AI issue. It

might be real fun when we get there.

It is clear that such a system can be useful only if it is good at

recognizing when two type expressions are equivalent. How easy or

hard it is depends a lot on the choice of the underlying

formalization. For example, the ZF formalization is notoriously bad

in this respect.
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AI and formalisation

If one writes the following two statements:

a. for all x in N such that x<1 one has x=0

b. for all x in Z such that x>=0 and x<1 one has x=0

in ZF they will look so different that it is hard to imagine a

program which will recognize their equivalence. Normally one would do

it but showing first that the types N and Zplus=(all x in Z such

that x>=0) are equivalent. In ZF however they are *not* equivalent

since it is easy to make a statement about one which is false for

another. E.g. empty set is an element of N but not of Zplus.

Formalisation and the univalence principle



Formalisation and the univalence principle

AI and formalisation

My homotopy lambda calculus is an attempt to create a system which is

very good at dealing with equivalences. In particular it is supposed

to have the property that given any type expression F(T) depending on

a term subexpression t of type T and an equivalence t->t’ (a term of

the type Eq(T;t,t’)) there is a mechanical way to create a new

expression F’ now depending on t’ and an equivalence between F(T) and

F’(T’) (note that to get F’ one can not just substitute t’ for t in F

-- the resulting expression will most likely be syntactically

incorrect).
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AI and formalisation

I also feel that it is Ok if it contains

a lot of repeats and redundancy (e.g. a thousand slightly different

definition of what a group is) since it is not to be directly

accessed by humans and since it is not a problem for a computer to

compare to each other a thousand arrays of length thousand.

We should be able now to try such ideas.
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AI and formalisation

See also the recent blog post of D. Litt

One sometimes sees the argument that mathematics is uniquely vulnerable to RLVR

(Reinforcement Learning with Verifiable Rewards). I think there is little evidence for this

claim; it rests on an elision of the difference between mathematics and formal mathematics. At

present model performance is in fact best in informal mathematics, where verification is arguably

as much a matter of judgment as it is in other fields.
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AI and formalisation

My working hypothesis (which may be completely wrong) is that AI-assisted formalisation

will make the recognition of equivalences and transport of structure central.

It should help in representating higher structures, e.g. Lurie Higher Topos Theory so that we

get a formal AI representation which produces human readable proofs.

In particular, I am now doing some experiments with autoformalisation of an axiomatisation

of the (∞, 1)-categories of all (∞, 1)-categories (work in progress of D. Wärn and Ch. Sattler)

in dependent type theory with univalence.
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