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Formalising mathematics

Why higher categorical structures?

» A lot of mathematics takes place within a category:
SET, VECTK, ToP, CHg, ...
possibly equipped with structure, allowing to form other categories:
GRP,K-ALG, Ax-ALG, ...

» More and more mathematics take place within a 2-category:
CAT’ CATVECTK7 (jA'I"I‘Op7 ceey B/IOI\ICAT7
those 2-categorical structure arise as soon as relationships between objects
of different categories are studied, e.g. "When is a group free? ’

» Crucially,

those categories are large (their objects do not form a set),
those 2-categories are very large (their objects do not form a set, neither do
they form a big category)



Formalising higher categorical structures

Main challenges
Any attempt to formalise higher categorical structures faces at least 3 challenges
Coherences Composition of morphisms involves complex combinatorics.

Models of oco-categories

> Use presheaves, over a category that specifies some compositional schemes
» Address composition either through lifting properties or algebraic structures

Homotopy type theories use path induction on equality types
Language Status of mathematical statements, and their manipulation.

HoTTs have both internal statements (type of truth values) and external
statements (judgments)
Topos theory allows for internal statements

Size Avoiding size related paradoxes. Focus of the talk:

where does the very large n + 1-category of large n-categories fits into HoTT
universes?
how to manage the interdependence between different levels?



Defining the n + 1-category of n-categories

Here the nature of the relationship between elements of an object determines the
nature of the object itself.

» The definition of sets requires truth values: elements x, y of a set X can be
compared via equality:

x,y : X=x=xy:B

» The definition of categories requires sets:
a category C has sets of morphisms between each pair of objects:

X,Y:C=C(X,Y):SET

Remarkably, both the compositional structure and its coherences are
encapsulated by requiring a functorial structure

C(_, ):C®xC— SET in  CAT



Defining the n + 1-category of n-categories

» An n-category C consists of objects, along with n-functors
C(, ):C®?xC— CAT,1 in CAT,

» The n-category CAT,_; is constructed inductively from truth values, sets,
categories, and so on
» The objects of an n-category can not be compared "strictly” a priori.
» This differs from HoTT and its models
The resulting hierarchy CAT,, : CAT, 1 is an entirely autonomous system in

which mathematical statements are stated and manipulated by using the internal
logic of the topos of sets only.



