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Introduction

▶ In this talk, we discuss the following question:

What philosophical and mathematical foundations constitute operational
knowledge representation?

▶ By operational knowledge, we, following Gilbert Ryle (see his “Concept of Mind”),
mean the presence of a method to solve this or that problem.

▶ There is a commonly discussed juxtaposition of propositional and operational
knowledge representation.

▶ This juxtaposition can be illustrated with the following example. Assume
somebody says:

I know that the Poincaré conjecture has a positive solution.
▶ If this statement is a statement expressing a piece of propositional knowledge,

then you are likely to read about that on Wikipedia.
▶ If this statement expresses a piece of operational knowledge, then you are

probably Grigory Perelman or at least an ace in differential geometry who is able
to work with the Ricci flow.



Broadening the Big Picture

▶ Generally, knowledge representation is considered a branch of applied computer
science at the intersection of artificial intelligence, logic programming, ontologies,
databases and Kripke semantics of modal logics.

▶ The general claim is that the localisation of knowledge representation as merely a
branch of CS oversimplifies the problem.

▶ Considering knowledge representation a self-contained branch of knowledge
might allow one to overcome such simplifications brought by applied computer
scientists.

▶ Our working definition of operational knowledge representation is a discipline
studying ways of modelling actions relying on data from (an) ontology.

▶ The question worth posing is the following:

What does it mean to provide a language for operational knowledge
representation in general?

▶ In other words:

What formal means should we utilise to represent actions most generically?



Broadening the Big Picture

▶ The higher degree of generality we have, the more we distance from the matters
of applied computer science since it is is more of a cookbook for an engineer
projecting this or that architechture.

▶ Our suggestion is that operational knowledge representation as a theoretic
discipline lies at the intersection of metamathematics and ontology rather than
databases and logic programming.

▶ This talk is NOT about ultimate practical solutions, but about revising the current
modus operandi with suggesting linear logic and category theory.

▶ I would suggest some philosophical reflection although I would not consider
myself a professional philosopher.

▶ The talk is based on my essay called A Walk Through L:Operationalising Knowing
How with Category Theory and Linear Logic, which, in turn, reveals the
philosophical big picture behind my recent preprint in linear and categorical logic
called Term Assignment and Categorical Models for Intuitionistic Linear Logic with
Subexponentials.





Against Linguistic and Metamathematical Essentialism

▶ In our terminology, linguistic essentialism is a philosophical framework, according
to which every expression of language has a meaning considered its apriori
essence.

▶ Fregean philosophy of language that influeced the standard syllabus in
mathematical logic is rather essentialist in its core. As every term and sentence
has the corresponding denotation, and the meaning of any proposition satisfies
the principle of bivalence.

▶ More generally, essentialism in natural language has been revised criticised by
both post-Wittgenstein analytic philosophers such as John Austin or Willard van
Orman Quine and (post)-structuralists such as Jacques Derrida, Roland Barthes,
Gilles Deleuze and others.

▶ The moral is that answering the question of developing this or that language in a
deliberately essentialist setting could be a sort of a faux pas.

▶ Essentialism in metamathematics is getting neglected whenever we point these or
those limitations of classical first-order logic and the corresponding truth definition
à la Tarski or your favourite textbook in model theory.

▶ But adapting the criticism of linguistic essentialism for metamathematics probably
warrants a separate philosophical reflection.

▶ The philosophical rationale behind intuitionistic mathematics does have a point to
start with.



Fruitful Lessons from Intuitionistic Logic and Mathematics

Intuitionism in logic and mathematics implicitly rejects the Fregean essentialism. Here
is a toy example:

Theorem
There exist transcendental numbers. That is, there is a ∈ R such that there is no f ∈ Z[x ] such that
f (a) = 0.

Proof.
Just recall that the algebraic closure Q is countable, so there are continuum many transcendental
numbers.

▶ The above proof is rejected by intuitionists as we prove the existential fact without
providing some effective procedures, so transcendental numbers exist in Platonic
terms.

▶ On the other hand, we could prove explicitly that a particular real number, say π or
e, is transcendental.

▶ The proof would be far more non-trivial, but it would prove the same statement.



Fruitful Lessons from Intuitionistic Logic and Mathematics

Intuitionism in logic and mathematics implicitly rejects the Fregean essentialism. Here
is a toy example:

Theorem
There exist transcendental numbers. That is, there is a ∈ R such that there is no f ∈ Z[x ] such that
f (a) = 0.

Proof.
Just recall that the algebraic closure Q is countable, so there are continuum many transcendental
numbers.

▶ The above proof is rejected by intuitionists as we prove the existential fact without
providing some effective procedures, so transcendental numbers exist in Platonic
terms.

▶ On the other hand, we could prove explicitly that a particular real number, say π or
e, is transcendental.

▶ The proof would be far more non-trivial, but it would prove the same statement.



The Question of Meaning for Intuitionistic Logic

▶ Whenever we deal with intuitionistic logic, then we realise quite quickly that we
cannot just use combinatorial truth tables because:

▶ BHK-semantics interpretation of logical constants is not that truth-functional,
▶ Moreover, intuitionistic propositional logic cannot be characterised by finite truth tables at

all as Gödel proved that quite a long time ago.

▶ When you study intuitionistic logic at university, then you are likely to deal with
Kripke semantics based on the truth defition via forcing on posets.

▶ Our claim that Kripke semantics (conceptually, not mathematically) works fine for
modal logics, but Kripke semantics for intuitionism more looks like an endeavour
rephrase the constructivist rationale based on rejecting Boolean semantics by
essentialist means.

▶ Here are the frameworks that we could consider more conceptually legit:
▶ Sheaf-theoretic models,
▶ Realisability,
▶ Homotopy (cubical, interval) type theory and their models,
▶ and we generally have a tendency to accept Therry Coquand’s arguments from his talk

at this workshop.



The moral

As Michael Dummett argued in his “Elements of Intuitionism”:
On an intuitionistic view, ... the only thing which can make a mathematical
statement true is a proof of the kind we can give: not, indeed, a proof in
a formal system, but an intuitively acceptable proof, that is, a certain kind
of mental construction. Thus, while, to a platonist, a mathematical theory
relates to some external realm of abstract objects, to an intuitionist it relates
to our own mental operations: mathematical objects themselves are mental
constructions, that is, objects of thought not merely in the sense that they are
thought about, but in the sense that, for them, esse est concipi.





Getting back to the question of knowledge

▶ Our take is that the zoo of formal systems based on intuitionistic philosophy in
their core is an adequate representation of propositional knowledge in its most
generic form.

▶ Providing bridges between constructive mathematics and (generalised)
propositional knowledge representation is a separate question.

▶ Procedural knowledge in ordinary life might not be explicitly verbalised and
conceptualised as a coherent representation of some segment of the external
world.

▶ Gilbert Ryle’s book “The Concept of Mind” has a curious point:
There are many activities which directly display qualities of mind, yet are nei-
ther themselves intellectual operations nor yet effects of intellectual opera-
tions. ... In ordinary life, ... , as well as in the special business of teaching,
we are much more concerned with people’s competences than with their cog-
nitive repertoires, with the operations than with the truths that they learn. ...
We are interested less in the stocks of truths that they acquire and retain than
in their capacities to find out truths for themselves and their ability to organise
and exploit them, when discovered. ... We can wonder how as well as wonder
whether.



Getting back to the question of knowledge

▶ Throughout the book, Ryle considers mainly toy examples from the ordinary life
whilst discussing the aspects of knowing how, so the lack of in-depth theoretical
conceptualisation is a considerable blind spot.

▶ However, we concretise our understanding of operational knowledge the following
way:

Knowing something (operationally) is an ability to perform an action satisfying this
or that specification.

▶ We will be discussing how one can mathematise the above thesis for the rest of
the talk.



Linear Logic and Operational Knowledge

▶ Linear logic generalises both linear and classical logic.
▶ The meaning of a statement in classical logic is understood in terms of

truthfulness and falsity, whereas the meaning of a proposition in intuitionistic logic
is an explicit procedure solving a particular task.

▶ As Girard noted in one of his early works:
Classical and intuitionistic logics deal with stable truths: if A and A → B, then
B, but A still holds. This is perfect in mathematics, but wrong in real life,
since real implication is causal. A causal implication cannot be iterated since
the conditions are modified after its use; this process of modification of the
premises (conditions) is known in physics as reaction.

▶ Assume you have £6, but whenever you have such an amount of money, you can
buy a pint of ale at a local pub (yes, this is today’s cost of living in London).

▶ But when you spend £6, you perform an action making your bank account balance
less, and this is generally not invertible. Thus, the interpretation of logical
constants as actions relying on resource consumption requires revisiting both
syntax and semantics quite deeply.

▶ Note that the motivation of linear logic is not limited to bringing you to sobriety.



Linear Logic and Operational Knowledge

▶ Besides, performing actions depending on the external environment rely quite
heavily on resource consumption: the outcomes of the same action may differ if
the consumption flows are different.

▶ In programming, for example, the extensionally equal programs might demonstrate
inequivalent asymptotics and profiling data in terms of memory usage.

▶ Linear type theory is a well-established framework for coping with such
sensitivities.

▶ Our take is that:

Linear type theory is a sufficient playground for expressing actions in most generic
terms, and, therefore, it can serve as a syntactic (and computational) basis for

theoretical operational knowledge representation.
▶ The take itself should be scrutinised carefully and concretised in further research.
▶ The thesis we coined for now is more of a programmatic statement that can be

even refuted after investigating some alternatives.





Subexponentials: Refining Resource Management in Linear Logic

▶ A crash reminder: in linear type theory/logic every argument can be used exactly
once, but we can relax those restrictions by using the modal operator !
axiomatised with the following Gentzen style inference rules:

!A1, . . . , !An ⊢ A
!L

!A1, . . . , !An ⊢ !A

Γ ⊢ B
W

Γ, !A ⊢ B

Γ,A ⊢ B
!R

Γ, !A ⊢ B

Γ, !A, !A ⊢ B
C

Γ, !A ⊢ B
▶ ! is a comonadic operator locally allowing deletion and duplication. Logically, !

emulates intuitionistic logic within linear logic. In computational terms, one can
ease restrictions on a particular piece of data and use it finitely many times.

▶ But we favour a more general concept of resource modalities coined by Melliès
and Tabareau, so we consider a polymodal framework with many bangs {!s |s ∈ I}
(where I is a non-empty index set) admitting more pluralism in resource
management: the idea develops a generalisation of linear logic coined by André
Scedrov and coauthors.



The interconnections between knowledge and being

▶ Knowing something assumes some well-guaranteed awareness of these or those
states of affairs.

▶ Mathematical analysis of the way we represent knowledge in generic terms, in
turn, presumes that we are able to mathematise the concept of a state of affairs.

▶ In applied computer science, an ontology is a formal (and/or computation)
representation of this or that domain of discourse, often viewed as a database or
an entity of similar kind.

▶ The degree of generation of such a definition is questionable: it rather depicts
some engineering intuitions. So we need some common ground on what ontology
is about.

▶ Parmenides was the very first philosopher tackling the question of what being is
empanicipating the field from the matters of natural philosophy.





Badiou’s Pros and Cons

▶ Badiou coined the thesis claiming that “ontology is mathematics”.
▶ Although the thesis looks temptating for mathematicians and their sympathisers,

Badiou’s argumentation requires some critical scrutinisation.
▶ In particular, according to Badiou, ZFC and its axioms are a sufficient playground

for tackling the most general ontological questions in the following sense:
The thesis [ontology is mathematics] that I support does not in any way declare
that being is mathematical, which is to say composed of mathematical objec-
tivities. It is not a thesis about the world but about discourse. It affirms that
mathematics, throughout the entirety of its historical becoming, pronounces
what is expressible of being qua being.

▶ In his works and talks, Badiou often emphasises that:
Being is not composed of objects, of small unities, being is composed of re-
lations and movements of these relations and, finally, being is composed of
relations between relations.

▶ Badiou himself analyses the concept of so-called multiplicity as one of the central
concepts in his ontology and thus takes ZFC as the most appropriate formal
description of multiplicities and relations between them.

▶ In particular, his choice of ZFC as the axiomatisation of being qua being looks
voluntarist as ZFC is criticised as of the foundation even within the circles of
set-theoretic mathematicians and proof theorists.



Badiou’s Pros and Cons

We advocate for a bit more balanced “centrist” approach:

▶ Set theory (take your favourite axiomatisation) could play the role of the
foundations of mathematics, but it is too low-level as the foundations to work with
in practice: it is as painful as programming in a low-level language, such as
Assembler.

▶ We are interested in the foundations as the playground suggesting some generic
lingua franca rather than the “foundationalist” foundations in the fashion of Hilbert,
Russell and other classics of metamathematics.

▶ The language of category theory looks like a more appropriate playground
especially for the mathematisation of operational knowledge per se.

▶ Recall that operational knowledge is an ability to perform this or that action
satisfying a particular task, so the adequate mathematical representation of
ontology of actions is likely to be category-theoretic.

▶ We have already suggested the language of subexponential linear type theory as
a syntactic presentation of resource-aware task synthesis in a generic form, but
any syntactic presentation should have an ontological counterpart.

▶ Therefore, the mathematisation of language describing the general form of
operational knowledge requires characterising semantic models of that language.
In our case, it requires going a bit deeper in categorical logic.



In Favour of Category Theory (if you need extra arguments for
some reason)

▶ Category theory has a separate ontological perspective: in category theory, we do
not go inside the considered structures and the concept of morphism is primitive.

▶ So we are capable of representing the dynamic structure of processes in ontology
without reducing them to statically (and set-theoretically) fixed entities.

▶ Our intuition is that the solution of a task in most generic terms is a morphism in
an appropriate category: any solution produces a piece of data or some action,
which is either terminating or could be passed to another task as input data.

▶ In the syntax part, we equipped the formalism with extra primitives relaxing the
resource consumption restriction in a weaker way than the usual !.

▶ In the preprint, we studied a broader class of comonads reflecting those policies
and showed how they arise from symmetric monoidal adjunctions, so we
generalised some well-known results from the 1990s.

▶ Cocteau categories are the abstraction over such adjunctions, see the original
preprint to get scared.



On Cocteau Categories

▶ In our work on linear type theory with subexponentials, we coined the concept of
Cocteau categories and assemblages, but we focus on Cocteau categories as the
least non-trivial instance of an assemblage.

▶ In categorical semantics of linear logic (Paul-André Melliès’s Categorical
Semantics of Linear Logics or Pierre-Louis Curien’s Introduction to Linear Logic
and Ludics as good references), we equip the structure of a symmetric monoidal
closed category C with the exponential comonad ! : C → C with the following data:

▶ mA,B : !A⊗ !B → !(A⊗B) and m1 : 1→ !1 (the components of a lax monoidal functor),
▶ εA : !A → A and δA : !A → ! !A (the components of a comonad),
▶ dA : !A → 1 and cA : !A → !A⊗ !A (deletion and cloning).

such that all those morphisms should commute with each other appropriately.
▶ In Cocteau categories, we denote ! as !i (i stands for “intuitionistic”) and extra

comonads !a (a for “affine”) and !r (r for “relevant”), where the affordances of !a
and !r are weaker than the affordances of !i:

▶ da
A : !A → 1 and cr

A : !A → !A⊗ !A (affine deletion and relevant cloning).

There are some comonad transformations !i ⇒ !r and !i ⇒ !a and the appropriate
commuting conditions.

▶ A similar account was given in Resource modalities in tensor logic by Melliès and
Tabareau.

▶ In terms of categorical logic and other topics, Cocteau categories and
assemblages play the role of denotational semantics for the language of
operational knowledge we suggested and the corresponding theorems are proved
in the preprint.





The Social P.S.



Broadening the Big Picture with the Social P.S.
To summarise, we would suggest the following programmatic thesis:

▶ In a more generic way, we can suggest the computational foundations for
operational knowledge representation by generalising linear type theory to equip
piece of knowledge with “realisational” computational content and monoidal
(Cocteau) categories as their denotational semantics.

The thesis is due to be discussed further in-depth, but it might not suffice to say just
“LLMs don’t work, let’s do category theory instead”, the axiological basis is due to be
scrutinised if one needs to avoid the consumerist imitation indeed. Here are some
extra remarks:

▶ When we philosophise about the foundations of this or that discipline, we often
avoid analysing the socio-economic side of the coin. But this purism is a sort of
short-sighted (as well as the radical forms of so-called social constructivism as
well).

▶ The recent trends in today’s artificial intelligence industry is driven by rather
simplistic system of values based on libertarian opportunism and market
fundamentalism that prioritise .

▶ Such modus operandi does not seem capable of producing explainable outputs as
we can see from the recent LLM-driven trend as the consumerist treatment of
intellectual ideas spawns the imitation of knowledge. It might something to do with
simulacra or La société du spectacle.

▶ This warrants a separate research for philosophers with sufficient competence in
(macro)economics and computer science.
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